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Abstract

Let T be Godel’s system of primitive recursive functionals of finite type
in a combinatory logic formulation. Let T be the subsystem of T" in which
the iterator and recursor constants are permitted only when immediately
applied to type 0 arguments. By a Howard-Schiitte-style argument the T*-
derivation lengths are classified in terms of an iterated exponential func-
tion. As a consequence a constructive strong normalization proof for T
is obtained. Another consequence is that every T*-representable number-
theoretic function is elementary recursive. Furthermore, it is shown that,
conversely, every elementary recursive function is representable in T*.

The expressive weakness of T* compared to the full system T can be
explained as follows: In contrast to 7T, computation steps in T never
increase the nesting-depth of Z, and R, at recursion positions.

1 Introduction and motivation

This article is part of a general investigation of (sub-)recursive function theory
and the theory of primitive recursive functionals of finite type by using methods
borrowed from term rewriting theory. The general idea behind this approach is
as follows. Assume that we are interested in a complexity class C of numberthe-
oretic functions which is defined equationally. First, one attempts to assign to C
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a canonical rewrite system R¢ that computes every function in C. Second, one
classifies the derivation lengths in R¢. If this can be done, we obtain informa-
tion about the computational nature of C. For example, we obtain time bounds
for computing the elements of C on a Turing or register machine. This approach
has been applied successfully to various small and large complexity classes (See,
for example, [1, 5, 10, 14, 15, 16, 17]). It is particularly suited when C is defined
via a (typed or untyped) reduction system, since then the choice of R¢ is clear
in advance. In [17, 18] a classification of derivation lengths for Godel’s system
T of primitive recursive functionals of finite types in the C'L and the lambda
formulation have been given by explicitly constructing an gyp-recursive function
D:T — w so that a reduces to b implies Da > Db for all terms a,b € T. D
may be considered as witnessing constructively the strong normalization of T
In the construction of D transfinite ordinals come into play via a variant of
the Howard-Schiitte-function [ Jo : T" — € (see [7, 13]) which witnesses (con-
structively) the normalization property of T. In fact, D and [ ]o have to be
defined simultaneously. At this point it seems quite natural to pin down exactly
the role of transfinite ordinals in the original Howard-Schiitte proof and in its
modification based on D.

Of course, since T represents exactly the < ep-recursive functions the use of
some form of transfinite induction up to &g is necessary for proving the normal-
ization property for T'. Here we will find a natural subsystem 7™ of T for which
the strong normalization proof via [ ]Jo does not require transfinite ordinals.

For this purpose let us take a closer look at the Howard-Schiitte weak nor-
malization proof for T given in [13]. The infinite ordinals are used when one
deals with unrestricted occurrences of iterators Z,. For the subsystem T of
T, in which iterator operators can occur only when applied to a numeral, the
Howard-Schiitte function [ ]o, restricted to T witnesses constructively the strong
normalization of 7. In particular, [ Jo also witnesses the strong normalization
of the simple typed A-calculus — i.e. the subsytem of T" without iterators — and
[ ]o also provides non trivial upper bounds for the resulting derivation lengths.

In the Howard-Schiitte approach iterator occurrences of the form Zpto where
t0 is not a numeral are dealt with by transfinite ordinals. It will be shown here
that this is not necessary, and following [16, 17] we propose a modified definition
of [ o (that will also be denoted by [ ]o) that assigns finite ordinals to Z,t°. Let
T* be the subsystem of T' in which the iterator operators Z, can occur only
when applied to a (type 0) argument.

Thus, for example, the T-term K,,Z,Z, is not a T*-term. Then the modi-
fied Howard-Schiitte assignment [ |o witnesses the strong normalization for T*
without using transfinite ordinals.

But this proof yields much more interesting information! Indeed []o can
be defined in terms of elementary functions such as 0,4+, and Az.2* for any
term a € T*. Thus, the derivation lengths function for T* is in the fourth
Grzegorczyk class €. Moreover, if f: IN¥ — IN is representable in 7* then
a look at the corresponding derivation lengths shows that f is computable in



elementary recursive time, hence is elementary recursive.

The expressive weakness of T* can be explained as follows: Let a be a term
of T*. Then the nesting-depth of iterator operators in an arbitrary computation
of a is bounded by the nesting-depth of iterator operators occuring in a itself,
i.e. is bounded a priori. This is not the case for unrestricted iterator occurrences
Z,, since we can not predict a priori the recursion arguments of Z, which may
appear during a compution of a term a (in which Z, occurs not restrictedly).
This is the deeper reason to assign the infinite ordinal w in some way to Z,,
since w is larger than all the finite ordinals which are assigned to members of
the familiy (Z,%)0er

However, it is shown that random-access machine transitions can be simu-
lated in the subsystem of T* in which the iterator is dropped. This is utilized
for showing that 7™ represents any elementary recursive function, hence T
represents exactly the elementary recursive functions.

It turns out that T defines the same class of numbertheoretic functions as
Leivant’s calculus of predicative recurrence in higher types, namely the class
of elementary recursive functions. Nevertheless it seems that Leivant’s result
is not directly comparable to the characterization of T* obtained here. We do
not need a tiering operator on finite types. Furthermore, in 7* any elementary
recursive function f : IN¥ — IN is represented by a type one functional, whereas
in Leivant’s approach one has to find an object type 7; so that f can be skewly
represented by a term of type T;f — 0. In this paper the use of iterators is
essential whereas in Leivant’s approach reccurrence can be eliminated by using
an interpretation which simulates higher type Church numerals.

The methods of this paper can also be applied to a A-formulation of T™.
The restriction on terms consists in allowing only iterators of the form Ipto
and in disallowing A-abstraction of the form Az ...Z,t°... where z occurs in
9. A somewhat related restriction on reductions is already contained in [7],
where Howard deals with contracting subterm occurences instead of subform
occurences (cf. p. 446 in [7]).

In Section 2 we define 7™ in detail. In Section 3 we classify the T*-derivation
lengths and show that every T*-representable function is elementary recursive.
In Section 4 we prove that every elementary recursive function is representable in
T*. Section 5 contains some applications of the machinery developed in Section
3. In particular, by a uniform Howard-Schiitte style argument we show that
T* is closed under several schemes of recursion like recursion with parameter
substitution, simple nested recursion and unnested multiple recursion.

2 Basic definitions

We follow essentially the notation of chapter VI of [13].

Definition 1 Inductive definition of types.



1.

2.

The symbol 0 is a type.

If o and T are types than ()7 is also a type.

For the sake of brevity we write o7 for (o)7.
We posit of the following variables and constants.

1.
2.

3.
4.
5.

Denumerably infinitely many wvariables of each type.

The arithmetic constants O (for the natural number zero), St (for the
successor function) and P (for the predecessor function).

The combinators K,, and S,- for each type p, o, 7.
The discriminator D, for each type o.

The dterator functional Z, for each type p.

Compared with Schiitte’s approach we have added constants for the pre-
decessor function and the discriminator. (In T these functions are definable
anyway.) In contrast to the other constants the iterator functionals will not be
considered as terms.

Definition 2 Inductive definition of the terms of T* and their types

1.

© NS & e

Every variable of type T is a term of type 7.

O is a term of type 0.

ST is a term of type 00.

P is a term of type 00.

Kor is a term of type ToT.

Spor 15 @ term of type (poT)(po)pT.

D, is a term of type Oooo.

If t° is a term of type O then Z,t° is a term of type (pp)pp.

If a°" is a term of type o1 and b” is a term of type o then a°7(b%) is a
term of type T.

For the sake of brevity we write a®"b? for a®” (b?) if the term b7 is not written as
a composite term. x7,y7, z7 range over variables of type 7. a”,b",c”,d” range
over terms of type 7. In particular, t° ranges over terms of type 0. For avoiding
annoying case distinctions we allow a°”b? also to denote terms of the form Ipto.
In this case b and a7 b7 are terms but not a””.



Definition 3 Inductive definition of the numerals n
1. 0:=O.
2. n+1:=8Tn.

In order to allow general unrestricted reductions we modify Schiitte’s defi-
nition of the one step reduction >! as follows.

Definition 4 >! is the least binary relation on terms of T* so that
1. P(O)>! O.
P(SH0) 140,
. Kora™b >la’.

o SporaPoTHPI P >t aPoT P (b7 cP).

2.

3

4

5. DyOa’b? >t a”.
6. Dy(STt%)a"b >1 b°.

7. T.0a77bT > b7

8 I (ST a™ b > 0" (Z,4%a7ThT).
9. If b° >1 ¢ then a®b° >1 a®7cC.
10. If a°” > b7 then a®"c > b7 cC.

By our convention, 9. includes the case: if s ! t% then Z,s° >! Z,t°.
Let > be the reflexive and transitive closure of 1.

Definition 5 1. A term a is called normal or in normal form if there is no
term b such that a >'b.

2. A term a is called strongly normalizable if there does not ezist an infinite
sequence of terms {(a;: i < w) so that a = ag and a; >1 a1 for all i < w.

3. The relation > is called confluent, if for all terms a,b,c such that a > b
and a t> ¢ there exists a term d such that br>d and ct> d.

Lemma 1 1. Every term is strongly normalizable.
2. The relation > is confluent.

3. If a is a closed and normal term of type 0 then there exists an n € IN so
that a is equal to n.



Proof. These results can be adapted, for example, from [13]. Additionally as-
sertion 1 is proved contructively in Section 3. a

Definition 6 Let f: IN* — IN. We say that f is representable in T* if there
is a term a® with variables among 29, . .. ,;Eg so that

flmy, ... omg) =1 < afzy :=myq,...,zL :=my] > L

Note that Lemma yields that for each closed term a of type 0 there is a uniquely
determined numeral [ such that a > [. We would like to remark that it is
not justified to define the representing term for f via the usual CL-translation
of Axy...xp.a, since — in contrast to 7" — the system T™ is not closed under
translated A-abstraction.

3 A constructive strong normalization proof for
T*

Based on previous work by Howard and Schiitte [7, 13] we define a mapping
[]o such that a >! b implies [a]op > [b]o. As motivated in [7] this requires an
assignment of a sequence of numbers to terms that is needed for deeling with
the higher types. The definition of the vector of a term a is based on the notion
of the level, g(a™), of a term a which itself is given by the level g(7) of 7.

Definition 7 Recursive definition of gt.
1. g0:=0.
2. g(o7) = max{go + 1,¢7}.

Definition 8 1. [0]; := 0.

2. [8T]p = 1.

3. [S*t]i =0 ifi > 0.

4. [Plo=1.

5. [Pl =0 ifi>0.

6. [Dy)o :=1.

7. [Dy]; =0 if i > 0.

8. [a"];:==114fi<gr and a” is a combinator.
9. [a"]; :=04fi> gr and a” is a combinator.



10. [Z,t% = [t%p.

11, [Tt =1if1<i<gp+1.

12. [Z,t%; == [t%0 if i = gp + 2.

13. [Z,t%; =0 if i > gp + 2.

14. [a®7b%]; = 207 i ([a7T); + [b9);) if i < go and a7 is not an iterator.
15. [a°7b%); == [aT); if i > go and a°" is not an iterator.

The crucial point in Definition 8 is case 12 (cf. the proof of Lemma 13). In
Lemma 13 we also need that [s°]y > [t°]o implies [Z,5%]¢ > [Z,t°]p. This is the
reason for putting [Z,t%] := [ty in case 10. Assigning a 1 to ST in case 2
guarantees that [n]o = n.

Lemma 2 1. For each term a there is a k such that [a]; = 0 for all i > k.

2. la); < w. O
Lemma 3 1. [n]p = n.

2. i>1=[n]; =0. 0
Proof. By induction on n. ]
Lemma 4 1. If a°7b° has not the form I,t° then [a”7]; < [aTb7);.

2. If i < go then [b7]; < [a®7V%);.

Proof. 1. This follows immediately from case (4) of definition 7. (Cf. [13]).
2. The assertion is clear if a”7b? # Z,t°. If a°7b° = Z,t" then go = 0 and
[Z,t°]o = [t°]o holds by definition. |

Lemma 5 1. [a®7b7); < 207771 - ([a7); 4 [b°):) if i < go.
2. [a°7b%); < [a°T]; if i > go and a°Tb? has not the form I,t°.

Proof. If a®™b? # T,t° then equality holds by definition. Assume that a?7b" =
Z,t°. Then 0 = 0 and go = 0. Let ¢ = 0. Then [Z,t]y := [ty < 2Tt
(IZ,]o + [t°]o)- O

Definition 9 a” > b : <= [a"]o > [b7]o & (Vi < g7) [a7]; > [b7);.

The proofs of the following lemmas 6, 7, 8, 9 and 10 are straightforward by
simple monotonicity arguments. We only prove Lemma 10.

Lemma 6 P(0) > O. 0



Lemma 7 P(STtY) > 0. O
Lemma 8 D,0a’b’ > a°. O
Lemma 9 D,(STt%)a%b% > b°. O
Lemma 10 K,.a™b° > a".

Proof. As in [13] we have [K,-a7b%]; > [a"]; by Lemma 3. For ¢ = 0 we obtain
[aT]o < 9[Kera™d]1 | (2[Icma"]1 ([Korlo + [a7]o) + [69]0) = [Kora®do. 0O

Lemma 11 S,;,a”77bP%c’ > a7 c”(bP7cP)
Proof. See [13]. a
Lemma 12 Z,0a"70" > b".

Proof. Lemma 3 yields [Z,0a"7b7]; > [b7];. Furthermore, we have [b7]p <
[Z,0a77b7]g = 2F-007 "0l ([Z,0a7 ] + [b7]o). i

Lemma 13 Z,(STt%)a™"b™ > a™™ (Z,t°a™"b7).

Proof. We follow the argument of [13].
Note that [STt%]y = [t%] + 1.

Let a; = [IT(SthO)aTT]Z-, ﬁz = [IT(SthO)(lTTbT}Z’, 51 = [ITthTT]i, n; =
[Z,t%77b7);, and (; == [a"7(Z,t%a""b7)];. The proof given in [13] yields

(*) & <o

and
(%) i+ G+ 1< 6

whenever 1 < i < g7. We now prove (o = [a”" (Z,t%a"7b7)]o < So.
Since @™ is not an iterator we have [a™" (Z,t%77b7)]y =
2¢1 - ([alo + o) = 2% - ([alo + 2™ - (o + [b]o)) =

Go =2 - ([a]o +2"™ - (25 - ([t°]o + [alo) + [B]o))
By (*) and (xx) (o is smaller than

Bo = 2% (ap + [blo) = 2% - (2% - ([t°)o + 1 + [a]o) + [b]o).-

Lemma 14 b7 > ¢ = a7 > a7’

Proof. Assume first that a°7b% has not the form Z,t°. Then

1. [a°7b7%]; = 21a%"b it ([a®7); + [b°]:) if ¢ < go.



2. [@7b%); = [a”7); it i > go.

UTCU]

3. [a®7¢o]; = 2007 i ([a77); 4 [¢7);) if i < go.

4. [a77c¢%]; = [a77); if © > go.

In this case the assertion follows immediately from the assumption.

Assume now that a®7b” = Z,t°. Then ¢ is also of type 0. b7 > ¢7 yields
[Zpb%]0 > [Z,¢%)0. Let ¢ > 0. If ¢ # gp + 2 then [Z,07]; = 1 = [Z,¢7];. Finally,
for the critical case, suppose ¢ = gp + 2. Then b7 > ¢ yields [Z,b7]; = [b7]o >
(7)o = [Zpc7]:. 0

Lemma 15 Assume that neither a®”c® nor b°"c® have the form Ipto.
a’” >0 = ac? > 077 c°.

Proof. The assumptions yield

arcoy

1. [QUTCU]i = 2[“ i+l ([QGT],L- —+ [CU],L') if 7 < go.

2. [a°"c?); = [a°7); if i > go.

3. [bmeo]y = 27 e (BT 4 [e7);) if i < go

4. [b77¢%); = [b77); if i > go.
Thus the assertion follows immediately from a7 > 7. |
Theorem 1 If art>'b then a > b, hence [a]o > [b]o.

Proof. By induction on the definition of >!. The base cases are covered by
lemmas 6 through 13.
Lemma 14 and 15 yield closure under application. O

Let [h(a) denote the number of constants and variables in a. Thus [h(0) =
Ih(ST) = IMP) = Ih(Dy) = Ih(Kor) = lh(Spor) = IR(Z,) = Ih(z") = 1 and
lh(ab) = lh(a) + lh(b). Let G(a) := g(7) if a is a constant of type 7 and set
G(ab) := max{G(a), G(b)} otherwise. Then G(a) is the maximal type level in a.
An inspection of the definition of [a]; yields [a]; = 0 for i > G(a). Let 29() :=
and 2,1 (a) := 22n(),

Let T~ be T™* without the iterator constants Z,. An immediate verification
yields that [a]; < 2¢g(a)41-4(G(a) +1 =i+ 2-1h(a)) holds for every a € T~.
Thus [a]o < 2¢(a)+1(G(a) + 142 - 1h(a)).

If a; >' ... > a; then, by Theorem 1, I < [a1]o < 2¢(ay)41(G(a1) + 1 +
2-1h(ay)). Let DERp-, the derivation lengths function for 7~ be defined as
follows: DERp - (m) is the maximal length of a reduction chain starting with
any T~ -term a, such that the depths of a is less than or equal to m. Then
DERyp- is an element of the fourth Grzegorczyk class €4 (See, for example, [11]



for a definition). Furthermore, let a € T~ be of type 00. Then the height of the
reduction tree for an is bounded by 2j(n) where k only depends on a.
These observations can be extended to T™ as follows.

Definition 10 Definition of the iterator nesting degree, d(a), of a T*-term a.
1. d(0) =d(8T) =d(P) = d(Ds) = d(Kor) = d(Spor) = d(27) := 0.
2. If a”Tb? = I,t" then d(a”7b7) :=d(t°) + 1.
3. If a°Tb7 # ,t° then d(a®7b%) := max{d(a®T),d(b")}.

Lemma 16

[ali < 2(G(a)+1)-d@)+c(a)+1-i((G(a) + 1) - d(a) + G(a) + 1 =i+ 2 [h(a)).

Proof. By induction on lh(a) and subsidiary induction on i < G(a). Recall that
[a]; = 0 for ¢ > G(a). If Ih(a) = 1 then [a]; < 1 and the assertion is clear. If
a has the form bc but not the form Ipto then the assertion follows immediately
from the induction hypothesis, since

2m(z+ 1) 2m(2) 4 2m(2)) < 2m(z +2)

holds for all x and m > 2.
For the critical case assume that a = Z,t°. The induction hypothesis yields

[IptO]O [Ipto]p+2

%o

2(G(t0)+1)-a(t0)+c0)+1 ((G(t°) + 1) - d(t°) + G(t°) + 1 + 2 - [h(t°))
2(G(19)+1)-d(@) (G(t°) + 1) - d(a) + 2 - 1A ("))

2(G(a)+1)-d(a)((G(a) +1) -d(a) + 2 - Ih(a))

ININCIA

Thus we obtain
[ali < 2(G(a)+1)-d(a)+C(a)+1-i((G(a) + 1) - d(a) + G(a) + 1 =i+ 2 lh(a))
for any i < p+ 2. m]

Lemma 17 Let a € T* be a term of type 0 such that all the variables of a
are contained in {29,...,20}. Then G(a) = G(a[2? = mq,..., 2} = my))
and d(a) = d(a[z? = mq,...,2) := my]. Moreover, if every variable from
{29, ...,20} occurs at most once in a then lh(a[zd = my,....20) = my]) <
th(a) +my + - - + my,.

10



Proof. By a straightforward induction on lh(a). O

Corollary 1 Let f: IN* — IN be representable in T*. Then f is elementary
recursive.

Proof. Let f: IN¥ — IN be represented by a term a € T* whose variables are
among {9, ...,2%} and no variable occurs more than once. Then by Lemma 16
and Lemma 17 [a[z? := my, ..., 2} = mi]lo < 2(G(a)+1)-d(a)+G(a)+1(G(a) +1) -
d(a)+G(a)+1+42-(Ih(a) + m1 +--- +my)). Thus by Theorem 1 the number
of steps needed for rewriting a[z§ := mi,...,29 := my] by any reasonable
rewriting strategy, for example leftmost reduction, into the numeral representing
its value is bounded elementary recursive in myq, ..., my. Hence, f is computable

in elementary recursive time and thus is elementary recursive. O

4 Representing the elementary recursive func-
tions

In this section we prove in detail that every elementary recursive function
is representable in T*. It is obvious that random-access machine (RAM)-
computations can be simulatet in Gédel’s T. Although it is known in the litera-
ture (see, for example, Leivant [8]) that this can also be done in weaker systems
the proofs known to us are somehow sketchy and do not clarify the role of it-
erators in such a simulation. Therefore, we will define explicitly the transition
function of a RAM in T, the subsystem of 7™ in which no term occurrences
of (restricted) iterators are allowed. (T~ can be viewed as a CL-formulation
of the simply typed A-calculus.) We will see that only iterators of type 0 and
00 are needed to represent the elementary recursive functions. Then we can
apply the following characterization of the elementary recursive functions (cf.,
for example, [11]).

Fact 1 f : IN™ — IN is elementary recursive iff there are natural numbers
k > m,cy,co2 and a program P for a RAM with k registers such that

f(a) = OUTk(iTP(Cl + 2., (max{d’}),INﬁl(d')))

and
itp(c1 + 26, (max{a@}), IN® (a@)) is an end—configuration
for alld e IN™.
Recall that 2,,(b) is defined by 29(b) = b and 2..1(b) = 22:(*). The notions
INE OUTF itp are defined explicitly in the following.

To fix the context we recall the notion of a k+ 1-RAM in detail. A random—
access machine with k + 1 registers (k + 1-RAM) is a tuple

(IN¥+L {INC(r), DEC(r) : v < k},{BEQ(r) : r < k}).

11



A program for a k + 1-RAM is a finite set P = {po,...,p;} of instructions
where an instruction p; is a tuple (i,inst,m) with m € {0,...,l+1} and inst €
{INC(r), DEC(r) : r < k} or a tuple (i, inst,m,n) with m,n € {0,...,l + 1}
and inst € {BEQ(r) : r < k}.

The transition function for a program P = {py,...,p;} is the map

mp {0, 1+ 1} x INFF — J0, ... 141} x INFH

which is defined by

(m, (20,20 +1,...,2,)) if (i, INC(r),m) €
(m, (z0y...,2r = 1,...,2,)) if (i, DEC(r),m) €
(my (205 s Zry e ooy 21)) if (i, BEQ(r), m,n) EP
(1, (20, -+, 28)) = and z, =0
(ny (205 oy 2ry ey 2k)) if (¢, BEQ(r), m,n) € P
and z,. # 0
(i,(ZO,...,Zk)) ifi=1014+1.
An element from {0,...,1+ 1} x N**! is called a configuration, one from {I +

1} x IN**1 an end-configuration. The iterated transition function
itp : IN x INF*L 40, ... 141} x INFH
is defined by
iTp(0,2) = (0, 2), itp(n+1,2) = mp(itp(n, 2)).
We set
INFH . IN™ — INFHL (215 -y 2m) — (21, ., Zm, 0,...,0)

e OUT*1 . IN x INF! 1IN, (4, (20, -, 2K)) — 20.

To simulate transitions of a k~RAM in T~ we recall the standard definition
of A-abstraction for T~ -terms. (See, for example, [13] for a definition.)
Definition 11 1. Az”.2” :=1ID, := S,(,p)pK(pp) oK

2. If x” does not occur in c”, then Axf.c” := K,rc”

3. If &P occurs in (a®7b7), then AxP.(a°Tb7) := Spor(AzP.a”T)(AzP.b7)

Then Azf.c™ € T~ is a term of type pr for any term ¢” € T~ of type 7 and z*
does not occur in Ax”.c”.

In the sequel we write Az”.f[z] in short for Az”.f[xzP]. As usual we put
Axy ... xp.a = Axq(...(Azp.a)...). It should be noticed that the definition of
A—abstraction can not be extended to all T*-terms, because we then would have
Az°(Z,z) as a term, hence Z, has to be a term.

12



Theorem 2 Assume that c € T~ is of type T and d € T* is of type p. Then
(AxP.cT)dP > T [z? = dP].

Proof by induction on the generation of c € T~. m]
In order to deal with formal tuple generation and decomposition we first
extend the discriminator as follows.

D2 =D,
DI = %8 7. Doyo(D(PL)y1 - ).

Then D € T~ is a term of type 06" "' such that

s itfm<n
D' msy. . s, > " -
s, else

Let
dec = A0 i

tug = Az ... x%y° . (Dhyzy ... xy)

and observe that dec?, tuf € T~ are of type (0o)o resp. o*00. For terms
S1,-..,8% € T* of type o we compute

decd (tugsy...s,) > tufsy...sii
> Dﬁjsl ... Sk
> s;

[Of course we do not have tu(decqs)(decys) > s

For a fixed k we abbreviate tugsl ...8k by (s1,...,s;) and decls by (s);.
For a given program P = {py,...,p;} we formalize the k-RAM-transition by
a term of T~ as follows. We interpret a configuration as a k + 1-tuple, i.e. as
a term of type 00. For 0 <i < kand 0 < j <llet A;; € T~ be a term of
type 0 which modifies the i-th position of a configuration 2°° according to the
instruction p;:

Ans — b if b = (],ZﬂSt,b)
07 = 1 D(x%),41bc  if pj = (j, BEQ(r), b, c)

and for r < k

P((zoo)r—&-l) if pb; = (JaDEC(T)’b)
At = ST((@®)rs1) if pj = (5,INC(r),b)
(299),41 else.

Then the transition function for the i—th position of a configuration z%°, 0 <
1 < k is defined by _
t’l“;: = Dé+2($00)oAi0 v AilIO-
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Let
trp = Ax%0.(tr%, .tk

Obviously, tri, € T~ is a term of type 0, hence trp € T~ is of type (00)00. By
construction we get

Lemma 18
Tp(a, (z1,. .., 28)) = (b, (71, ..., 2))

= trp(a,z1,. .., 2k) > (b, 12, ..., iz})
hence .
itp(n, (21,...,2)) = (b, (21,...,21))
<> Zoon(trp)(0,21,...,2k) > <Q,2i, ey 20

Theorem 3 The elementary recursive functions are representable in T*.

Proof. Let f: IN™ — IN be elementary recursive. By Fact 1 there are natural
numbers k > m, [, ¢y, co and some program P = {py,...,p;} for a k-RAM such
that

F(@) = OUT™(itp(c1 + 2¢, (max{q}), INy, (2)))

and
(itp(c1 + 2, (max{(j’}),INﬁl(q_)))o >

for all §& IN™.

We define a term ¢t € T* in the variables 29, ...,2% which satisfies Vq €
IN"3Ir e N
trr ==qi,. ., T =g > and 7 > c1 + 2., (max{q}). (1)
Let

to=x1+ (@2+...(Tm +c1)...)
where u + v := Zyu(ST)v, and
t1 := Tooz" (double)(ST)
where double := A\y°y9.(y1(y1y2)). By induction on ¢ one easily verifies that

(t1w)[z == q] =S+, hence (t10) represents the exponential function (cf. [8]).
We define
to:=tg, tny1:=(E10)[z:=t,], t:=t.,

and observe that ¢ fulfills the assertion (1).
Now we define

R = dec)(Zoot(trp)(0,29,...,29))

which is a term of T* of type 0. We claim that R represents f.
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Indeed, let ¢ € IN™, then there is an r € IN such that t[z; := q1,..., 2y =
Gm] > and 7 > ¢; + 2., (max{q}). There is also some ¢’ € IN* with irp(r, ) =

I+ 1,q_7). We compute
£(@) = OUT* (itp(c1 + 2, (max{q}), INJ())) = OUT*(1 + 1,¢) = ¢}.

Hence

5 Further applications

In this section we indicate how the Howard-Schiitte style derivation lengths
classification of Section 3 can easily be adapted for showing that 7™ is closed
under various schemes of recursion like recursion with parameter substitution,
simple nested recursion and unnested multiple recursion. For his calculus of
predicative recurrence of finite types Leivant has established similar looking
closure properties in [8]. Related closure properties of the primitive recursive
functions have been shown by Simmons in [12].

First we consider the system in which the iterator is replaced by a constant
for the recursor. For any type 7 let R, be a new constructor constant. We
enlarge the term definition [Def. 2] by the following rule:

If t° is a term of type 0 then R,t" is a term of type (077)77.
The definition of the reduction relation >! [Def. 4] is extended by the following
clauses:

R-0a°7707 1T,
RA(ST)a%Tb™ > (a®7T0)(R,%a07T07).
The definition of []; is extended as follows:
1. [R,t%; := [t°]; if i = 0.
2. [Rt%; :=1if1<i<gp+]1.
3. R0 = [t if i = gp+ 2.
4. [R%;:==0ifi>gp+2.

Then, for the extended calculus one shows that a > b implies [a]o > [b]o and as
in Section 3 we see that the derivation lengths function for any term representing
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a number-theoretic function in the extended calculus is elementary recursive in
the input arguments.

The treatment of recursion with parameter substitution, simple nested re-
cursion and unnested multiple recursion is similar. Let us start with parameter
recursion. For any type 7 let PR, be a new constructor constant. We enlarge
the term definition by the following rule:

If tV is a term of type 0 and if ¢™7 is a term of type 77 then PR,.c"7t" is a term
of type (077)77.
The defining reduction rules for recursion with parameter substitution are:

PR,T0aTHT b,
PR, (ST 76" >t (a"T°) (PR, 0% T (TTHT))
For treating these rules the definition of [ ]; is extended as follows:
1. [PR.c7t%; == [¢"T]; + [t); if i = 0.
2. [PR.c™™t%;,:=1if 1 <i<gp+ 1.
3. [PR,c™tY; = [c"T]o + [t%0 if i = gp + 2.
4. [PR,c™™Y); :==0ifi > gp+ 2.

Then, for the extended calculus one shows that a >! b implies [a]op > [b]o and
as before we see that the derivation lengths function for any term representing
a number-theoretic function in the extended calculus is elementary recursive in
the input arguments.

Now we deal with simple nested recursion. For any type 7 let SN'R, be a
new constructor constant. The term definition is extended as follows:
If t° is a term of type 0 then SN'R,t° is a term of type (077)77.
The defining reduction rules for simple nested recursion are:

SNR,0a°T70T 1 b7,
SNR (ST 1 (") (SNR AT (SNR,°a°"D))
For treating these rules the definition of [ |; is changed as follows:
1. [SNR,t%; == [t°); if i = 0.
2. [SNR A :=1if1<i<gp+1.
3. [SNR0]; :=[t% if i = gp + 2.
4. [SNRt%; :=0if i > gp + 2.

5. [a®7b7]; := 4le” 0% livr ([a]; + [b];) if @7 is not an iterator or recursor.
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Again, for the extended calculus one shows that a>1 b implies [a]o > [b]o and as
before we see that the derivation lengths function for any any term representing
a number-theoretic function in the extended calculus is elementary recursive in
the input arguments.

Finally, let us treat unnested multiple recursion. For any type 7 let U MR,
be a new constructor constant. The term definition is extended as follows:
If t9 and s° are terms of type 0 and ¢ is of type 00 then U MR, c"0s%0 is a
term of type (0777)7T.
The defining reduction rules for unnested multiple recursion are:

UMRTCOO(SO)OGOTTTbT I>1 bT’
MMRTCOOO(tO)aOTTTbT [>1 bT,
UMRLP(SHs0)(ST0)a0 ™" 51
(aOTTTtO) (UMRT COOSO (COOtO)GOTTT br) (UMRTCOO <S+ SO)tOGOTTT bT)
For treating these rules the definition of [ ]; is changed as follows:

1. [Z/{MR-,—COOSOtO]i = [to]i ifi=0.
2. UMR, %9, :=1if 1 <i<gp+1.

w

. [UMRTCOOSOtO]i — 8([C]0+1)3-([510+1).([t0]0+1) if 4 = gp+ 2.
4. UMR, 0], .= 0 if i > gp+ 2.

T p]

5. [a®Tb7]; := 8le i1 . ([a]; + [b];) if a°" is not an iterator or recursor.

Then, for the extended calculus one shows that a > b implies [a]o > [b]o and as
before we see that the derivation lengths function for any any term representing
a number-theoretic function in the extended calculus is elementary recursive in
the input arguments.
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