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Abstract
Inspired from BUCHHOLZ’ ordinal analysis of /D1 and BECKMANN’s
analysis of the simple typed A-calculus we classify the derivation lengths
for GODEL’s system T in the A-formulation (where the n-rule is included).

1 Introduction

In this paper we develop a perspicuous method for classifying the derivation
lengths of GODEL’s T. Following ideas from [Be98] we assign canonically to
each term ¢ € T an expanded head reduction tree. The size of this tree, if it
is finite, yields a nontrivial bound on the maximal length of a reduction chain
starting with ¢, since the expanded head reduction trees represent worst case
reductions. Using ideas from infinitary proof theory we show that it is indeed
possible to define a finite expanded head reduction tree for any term of 7. For
this purpose we enlarge the concept of expanded head reduction trees by a cut
rule and an appropriate miniaturization of BucHHOLZ’ Q-rule (for dealing with
terms containing recursors). The embedding and cut elimination procedure is
carried out by adapting BUCHHOLZ’ treatment of ID; (cf. [Bu80]). To obtain
optimal complexity bounds even for the fragments of T" we utilize a system 7 of
formal ordinal terms for the ordinals less than €y and an appropriate collapsing
function D : 7 — w. To obtain an unnested recursive definition of D we
utilize crucial properties of the theory of the v function which is developed, for
example, in [W98].
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Compared with prior treatments of classifying the T-derivation lengths (cf.,
e.g., [W98, WW98]) the method described in this paper has the advantage that
the ordinals assigned to the terms of T' are assigned in a more genuine and
intrinsic way.

2 Expanded head reduction trees

The derivation length d(r) of a term r is the longest possible reduction sequence
starting from 7:
d(r) := max{k : 3s € T(V),r —" s}.

In case of simple typed A-calculus it is shown in [Be98] that computing the
expanded head reduction tree of r leads to estimations on d(r). Here we will
extend this approach to GODEL’s T. To this end we first have to fix what
the head redex of a term is. Of course the presence of the recursor R makes
thing much more complicated than in the case of simple typed A-calculus. The
head redex can occur deep inside the term. E.g. let b := Az.Ay.Sy, then the
head redex of v := R(R((Az.Sz)t)bc)de is (Az.Sx)t, so v reduces with head
reductions in the following way:

v —' R(R(St)bc)de —' R(bt(Rtbc))de
—2 R(S(Rthe))de —' d(R tbe)(R(R the)de)

The terms T (V) of GODEL’s T are build up from a set of variables V (count-
ably many for each type) and the symbols for the recursor R for any type, for
zero 0 of type 0 and for the successor S of type 0 — 0. We will decompose
every term ¢t € T(V) into its head redex redex(t) and the rest coaty(x) which
we call coat such that ¢ = coat;(redex(t)). Not every head redex is reducible,
e.g. if redex(t) starts with a variable. In this case reductions are only possible
in all other terms which occur up to the depth of redex(t) and these reductions
can be considered in parallel. Therefore we collect those terms into a multiset
mat(t) called the material of ¢. Furthermore we split the redex of ¢ into its
characteristic part rr(¢) which is needed to define the expanded head reduction
tree.

With {{...}} we indicate multisets, with U their union and with # their
cardinality. Let Vg := VU {R}, Vo, :=VU{0,S} and Vo s r := Vo,s U{R}.

Definition 2.1 We define terms redex(s),rr(s) € T(V) and coats(x) € T(V U
{x}) and a multiset of T(V)-terms mat(s) by recursion on s € T(V).

s rr(s) redex(s) coatg(x) mat(s)
at r€WVos = xt * {t}}
Azr (Axr)z  Azxr * )
(Azr)ut Azr)u  (Azr)u o+t 0
Rup...uy 1<2 R R * {{ud}}
R tabs
t=0,St Rtab  Rtab *5 0
t=xi, z€V x R tab *§ {{d,a,b,5}}

t#aid, x€Vog rr(t) redex(t) Rcoaty(x)abs mat(t) U {{a,b,s}}



Obviously we have coat;(redex(t)) = ¢, rr(t) = rr(redex(?)) and

rr(t) € VU{0,S, R} U {(Azr)s, R 0ab,R(Ss)ab | a,b,7,s € T(V)}
redex(t) € {\ar, (\zr)s, yt, R(yt)rs | r,s,t € T(V),y € Vos}

Definition 2.2 We inductively define =t fort € T(V) and o < w if one of the
following cases holds:

(Vo,s,r-Rule) 1r(t) € Vo g r and there is some (3 such that 3 + # mat(t) < «
and Vs € mat(t) Iés
B B
(B-Rule) rr(t) = (Azr)s and [ coat(r[z := s]) and s for some 3 < a.

(R0-Rule) rr(t) = R0ab and |E coaty(b) and Iga for some B < a.

(RS-Rule) rr(t) = R(St')ab and Iﬁ coati(at'(Rt'ab)) for some B < a.

The 3-Rule is well-defined because redex(t) = Axr = t = Azr. Observe that we
have redex(t) = rr(t) for the R0-Rule and the R S-Rule .

Obviously Igm for any variable x and 0, S.

We observe that Igr can be viewed as a tree which is generated in a unique
way. We call this tree (with the o’s stripped off) the expanded head reduction
tree of r. We are going to define a number #t for any term ¢ which computes
the number of nodes with conversion in the expanded head reduction tree of
that term.

Definition 2.3 Define #t for t € T(V) by recursion on F=t. This is well-
defined because the expanded head reduction tree is unique.

Lemma 2.4 Ifrr(r) # z and z € V then
1. redex(r[z := s]) = redex(r)[z := 3]
2. coat,(zq(*) = coat,(x)[z := 5]
3. mat(r[z := s]) = mat(r)[z := s]

Lemma 2.5 Assume 1r(r) = 2 € VU{R}. If redex(r) = 2t then redex(r) = r.
Otherwise redex(r) = R(zt)ab and z € V, thus

1. mat(r) = mat(coat,(z')) U {{t,a,b}} for some suitable z'.

2. if s € T(V) with z ¢ fvar(s) then



(a) redex(r[z := s]) = redex(R(zt)[z := s]ab)[z := s]
(b) coat,[,.—g (x) = coat,(coaty (. sap(*)) [z = ]

In order to handle n-reductions we need #rx > #r, then we can compute
#Ar.px = #pxr + 1 > #p. But in order to obtain #rx > #r we need a Lemma
which comes with a rather technical proof.

Lemma 2.6 #r[z :=u] > #r + #u if z € fvar(r).
Using this we immediately obtain

Lemma 2.7 1. #r[z:=y] = #r.
2. #rx > F#r.
Proof. 1. is clear.

For 2. we compute #rxz > #yx + #r > #r using Lemma 2.6 for the first >.
QED.

Proof of Lemma 2.6. More generally we will prove

Vr,u € T(V)Vz € V(z occurs exactly once free in r and #r[z :=u] =k
= #r+H#Hu < Hrlz = U])

by induction on k. Let k,r, u, z fulfill the premise of this assertion. Define s* to
be s[z := u] for terms s.

rr(r) = (Azs)t. By Lemma 2.4 we have redex(r*) = redex(r)* and coat,» =
coat}, thus rr(r*) = rr(redex(r*)) = rr((Axs*)t*) = (Azs*)t*. Hence

#r* = #coat,(s[x :=t])" + #t* + 1
*21 #Hcoat, (s[x :=t]) + #t + 1 + #u = #r + #u

where for estimation %1 we used the induction hypothesis eventually several
times.

Similar are the cases for rr(r) = R0ab, rr(r) = R(St)ab and 1r(r) = y €
VU{0,S,R} with y # z.

The case rr(r) = z needs very much effort. Observe that rr(r) is the only
occurrence of z in r.

o redex(u) = y¥ with y € Vo g, hence v = y¥ by Lemma 2.5. In the case
redex(r) = zt Lemma 2.5 shows r = zt, hence

Hr* = Hyvt = Z#ﬁJrZ#f: Hu + F#r.
Otherwise redex(r) = R(zt)ab and Lemma 2.5 2. shows

redex(r*) = R(yot)ab

coat,« (x) = coat, (%)



1. y € V, then Lemma 2.5 1. shows
mat(r*) = mat(coat,(z')) U {{#,,a,b}}
= mat(r) Umat(u)

Thus
#Hr* = Z #u+ Z #v = #r + F#u.

vEmat(r) vEmat(w)
2. y =0, hence y&i = 0 and we compute
#r* = #coat,.(b) + #a + 1 }h # coat,.(2') + #b+ #a + 1
=F#r+1>#r+ #u
where the last equation uses Lemma 2.5 1.
3. y =S, hence yot = Sv and we compute
#r* = # coat,(av(Rwvab)) + 1 th # coat,.(2) + #a + #b+ #v + 1
=#r+H#u+1>#r+ #u
and we used the induction hypothesis several times.
e redex(u) = R(yv)cd with y € Vg s. If redex(r) = 2t then
redex(r*) = R(y?v)cd
coat,- (x) = coaty, (%),
otherwise redex(r) = R(zt)ab, hence
redex(r*) = R(y¥)cd
coat,- (x) = coat, (R(coat, (x)t)ab)
Similar to the previous case we compute
#r* > #Hr 4+ #u.

For the following cases we state some abbreviations. If redex(r) = zt then
r = zt by Lemma 2.5. Let ¢.(x) := . Otherwise redex(r) = R(zt)ab. Let
¢r(x) := coat,. (R *ab). In both cases we have using Lemma 2.5

r = c,(2t)
mat(r) = mat(c,(2)) U {{}}

o redex(u) = Ruy ... u; with I < 2. Then u = Ruy ... w; by Lemma 2.5.
Let uy ... wt =: vy ... v, for some m, vy, ..., vm. Then
r* = ¢.(R7)
redex(r”*) = redex(R ¥)

coat,« (x) = ¢,(coatr 7(*))



We compute with Lemma 2.5 1.
l m
H#Hr + Hu = . (2) + Z H#t+ Z H#u; = #er () + Z #v; (1)
j=1 j=1

We distinguish the cases for m and redex(vy).

1. m < 2, then by Lemma 2.5 r = 2t, 7* = Rv; ... v,, and ¢,(x) = %, hence

m

#r0 =S oy = He( )+ 3 toy D+

=1 =1
For the following cases assume m > 3.

2. v =0, then redex(r*) = R0vqv3 and coat,- (x) = ¢(*v4 . ..v;). Thus
#Hr* =Fc . (vs...vm) + Foa + 1

l>h #ep(2) + #(vs ... vm) + #Hoo

*22 #en(2) + #(x3 .. 1) + Z #u,
=2

> e, () + Y #u D+ Hu

j=1

where for estimation %2 we used several times the induction hypothesis
and x3...x,, are suitable new variables.

3. v1 = Sw, then redex(r*) = R(Sv)vavs and coat,«(*) = ¢, (*vg...vp).
Hence

#r* = #c(v2v(Rovaus)vg . .. vy,) + 1

i.h. Ui
> #en(2) + #ov(Rx10023) 2y - - . Ty, + #0 + Z #u;

=2

S g+ Y du; Y g+
j=1

where for estimation *3 we observe #v = # Swv.

4. redex(vy) = axw with z € V, then v; = zw, thus redex(r*) = R(aw)vavs
and coat, (x) = ¢,.(*vy ... vy,). Hence

#rr =de(Z)+ Y Hw+ Y #
j=2

wemat(vy)

= #c,.(2)) + Z #v; W #r + #Hu
j=1

5. redex(v;) = Rwy ... w, with n < 2 and redex(v;) = Azs not possible
because lev(vy) = 0.



6. redex(vy) = (Azs)t, then redex(r*) = (Azs)t and
coat,« (x) = ¢ (R coaty, (x)vz ... vn).
Hence

#r* = #c.(Reoaty, (s[z :=t))va...vm) + #s+ 1

i.h. i
> #cp(2) + #coaty, (s[r :=t]) + #s+ 1+ Z #v;

j=2

7. redex(v;) = R 0cd, then redex(r*) = R 0cd

coaty« (x) = ¢ (R coaty, (x)v2 ... vp).

Hence
#r* = #cr(Reoaty, (d)vg ... vp,) +#Hc+ 1
i.h. , e
> #c(2') + #coaty, (d) + #c+ 1+ Z #v;
=2

= #c,.(2) + Z #v; @ #r + #Hu

j=1
8. redex(v1) = R(Sw)cd, then redex(r*) = R(Sw)cd
coat,« (x) = ¢ (R coaty, (x)vz ... vn).

Hence

#r* = #c.(Rcoaty, (cw(Rwed))vy ... vp) + 1

i‘h. m

> #cp(2) + # coaty, (cw(Rwed)) + 1 + Z #;
=2

= #c.(2) + Z #uv; ) #r + #u

j=1

e redex(u) = Azs then u = Azs by induction on the definition of redex(u). If
2t = 2z then r = z because lev(z) > 0. Hence

H#r* = #u = #r + #u.
Otherwise 2zt = zvy¥, thus redex(r*) = (Azs)vg and coat, (x) = c,(x7). Hence
#r* = #ep(slx = vo]0) + #vo + 1

lzh H#ep(2) + #s[x = vo] + #U + #vo + 1
"2 o () + o+ T+ A1

2 e, (1) + #Aas = 4 + Fu



With (i.h.) we mean that we eventually used the induction hypothesis and at
*4 we used Lemma 2.5.

o redex(u) = (Azs)v, then redex(r*) = (Azs)v and coat,- (x) = ¢, (coat, (x)t).
Hence

#1* = #c,(coaty (s[x := v])t) + #v + 1
zﬁ #cr(zf) + #coatu(s[x = v]) +H#Hv+1=H#r+Hu

o The cases for redex(u) = R 0cd and for redex(u) = R(Sv)cd are similar to the
previous one. QED.

Main Lemma 2.8 r —! s = #r > #s

Proof. More generally we show for r such that z occurs exactly once:

L trz := (Azp)q] > #r(z := plz := 4]
2. #r[z = Ax.pz] > #r[z :=p| if z ¢ fvar(p)
3. #r[z :=RO0ab] > #r[z :=b]
4. #r[z .= R(St)ab] > #r(z := at(Rtab)]
For case 1. let r* := r[z := (A\zp)q] and 7’ := r[z := p[x := ¢]]. We prove 1. by

induction on r*. W.l.o.g. assume z ¢ fvar(p,q) U {z}.
i) rr(r) = (Azs)t. By Lemma 2.4 we know

redex(r*) = redex(r)* and coat,«(x) = coat,(x)* (2)
thus rr(r*) = rr(r)* = (Azs*)t*. Analogously for r’. Hence

#r* = coaty« (s¥[x == t*]) + #t* + 1

ih.
@:)coat,»(s[x =)+ #tT 41 (>)coatr(s[ t]) + #t' +1

s7,m

Observe that the induction hypothesis is applied at least once because z €
fvar(coat, (s[z := t]), t).

ii) rr(r) = RO0ab, rr(r) = R(S¢)ab and rr(r) =y € VU {0,S,R} for y # z. The
proofs are the same as in i), because in these cases we also have (2).

iii) rr(r) = 2. If redex(r) = 2t then 7 = 2t by Lemma 2.5. By assumption
z ¢ fvar(t), hence

—

Hr* = #(\ap)qt = #plx = gt + #q + 1 > #plr = )t = #r'.
The other case is redex(r) = R(zt)ab. Then we obtain by Lemma 2.5
redex(r*) = redex(R(z1)*ab)* and coat,- (x) = coat, (coaty ,z-qp (%)) (3)
Again z ¢ fvar(coat,., i a, b), thus we compute

redex(r*) = redex(R((\zp)qt)ab) = (\zp)q
coat,- (x) = coat, (R(xt)ab),



hence

#r = coaty (pla = q]) + #¢ + 1
> # coat, (R(p[x := g]t)ab) = # coat, (redex(r))" = #r’.

This proves 1. The cases 3. and 4. are proven the same way.

For 2. let r* := r[z := Az.px] and 7’ := r[z := p]. Again the proof is by
induction on r*. W.lo.g. assume z ¢ fvar(p) U {a}. If rr(r) # z we proceed as
in the proof of 1.

Assume 11(r) = z. If redex(r) = zf then = 2t by Lemma 2.5 and z ¢ fvar(f).
First assume r = z. Then

*5
#r' = #\rpr > Fpr > H#p = Fr'.

At %5 we used Lemma 2.7.
Otherwise r = ztot. Hence

Hr* = H#(\z.px)tol = #ptol + #to + 1 > #ptol = #r'.

If redex(r) # zt then redex(r) = R(zt)ab by Lemma 2.5. As lev(zi) = 0 we
must have £ = ugi. Again we obtain by Lemma 2.5 the equations (3), thus
we compute redex(r*) = redex(R((Ax.pz)uoti)adb) = (Az.px)ug and coat,«(*) =
coat, (R(x@)ab), hence

#r* = # coat, (puo) + #uo + 1 > # coat,.(R(puowt)ab) = #r'.

This proves 2. QED.

Estimate Lemma 2.9 £t = #t < 2°
Proof. We prove by induction on the definition of Igt
Et= #t<2°—1.
i) rr(t) € VU{0,S,R}. Let n := # mat(t), then there is a 8 such that +n < «

B
and Vs € mat(t) Fs. We compute

#t = Z #sig Z (2°—1)=:m

s€mat(t) s€mat(t)
If n =0 then m =0 < 2% — 1. Otherwise
m<n-(2°-1)<n-20 —1<2Pm _1<20 1.

ii) rr(t) = (Axr)s. There is some [ < « such that Iﬁ coaty(r[x := s]) and Iﬁs
Hence

ih.
Ht = H#coaty(rlr:=s)) +#s+1 < 2° -1+ (2°-1)+1
=20t —1<2% — 1.



iii) rr(t) = R 0ab. There is some [ < a such that |£ coat(b) and Iga. Hence
i.h.
#t=Fcoaty(b) +H#a+1 < (2P -1+ (2P —1)+1<2* 1.
iv) rr(t) = R(S s)ab. There is some § < « such that |£ coats(as(R sab)). Hence

i.h.
#t = # coaty(as(Rsab)) +1 < (20 —1)4+1 <2 — 1.
QED.

Combining the Main Lemma with the Estimate Lemma leads to the desired
estimation of derivation lengths.

Estimate Theorem 2.10 [t = d(t) < 2

Proof. Let s € T(V) and k € w such that t —* s. Using the Main Lemma and
the Estimate Lemma we obtain k < #t < 2. QED.

3 Formal ordinal terms, deduction relations and
hierarchies

In this section we develop in detail the technical machinery that is needed in
the proof-theoretical analysis of T" in section 4.

Definition 3.1 Inductive definition of a set of terms T and a subset P of T .
1.0e7T,

1eP,

weP,

A1y EPEM>2={aq,... o) €T.

v o e

aeT =2%cP.

For a € P we put (o) := a. Then every o € T \ {0} has the form o« =
(a1, .. Q) with aq,... ,a,, € P and m > 1. For 8 € T we define 0 + 3 :=
640 := 0 and for 0 # a = {a1,... ,au,) and 0 # 8 = (B1,...,Bn) we put
a+f:={a1,... ,am,P1,...,0n). We identify 0 with the empty sequence ().
We identify the natural numbers with the elements of {0,1,1+1,14+1+1,...}.

Definition 3.2 Inductive definition of an ordinal O(«) for a € T.

1. 0(0) =0,
2. 0(1) = 1,
5. OW) = w,
4. O(lan,. . ) == O(a)# ... #0(am).



5. 0(29) 1= 20(@)+1,

Here the ordinal exponentiation with respect to base 2 is defined as follows. For
a=w-F+m withm < w let 2% := WP . 2™,

Definition 3.3 Inductive definition of a deduction relation <o on 7.
<o is the least binary relation on T such that the following holds (where « is
an arbitrary element of T) :

1. a<ga+ 0 forany B €T.

a4+ 1<ga+ (3 for any B € T such that 5 # 0.
a+2<ga+ w.

a+20 420 <ga 4 201
a++1<ga+1+p.

If <o~ then B+0<gv+9

7. If B<pv then a + 28 <ga + 27.

S

Lemma 3.4 1. a<gf=>v+a<gy+0.
2. a+k+B+1<ok+l+a+p.
3. alpl+a.

Definition 3.5 1. Let NO:=0 and Na :=n+ Nay + -+ Nay, if g >
a=w 4 4w S>> 2 Q.

2. Let Fy(z) := 2" and Fy41(x) :== FX(z).

3. Let ¥(0) := 0 and for nonzero 3 let ¥(3) := max{¥(y)+1: v < B & Ny <
O(N(B))} where ®(x) := Fs(x + 3).

Lemma 3.6 1. a <& N(a) < ®(N(B) = Ta < UB.
2. W(a# () < U(a#B).
3. U(k) =k.
4. a>w=Y(a) > P(Na).

Proof. Only assertion 2) needs a proof. The proof of 2) proceeds via induction
on 3. Assume without loss of generality that aw # 0 # 3. Then

U(a#¥(B)) = V(aft¥(y) +1)
for some v < 3 such that N(vy) < ®(N(S)). The induction hypothesis yields
Y(a#¥(7) + 1) = ¥la#l + V(7)) < W(a#lsy).
If v+ 1 = 8 then we are done. Otherwise v+ 1 < (3, hence a#1#vy < a# and
N(a#l#ty) = N(a)#N(137y) < N(a) + 1+ (N (3)) < S(N(a#f)).
Thus assertion 1) yields W(a#1#y) < ¥(a#0). QED.

The function k — ¥(a + k) is a-descent recursive as can be seen from
[BCW94]. More directly this follows from the next lemma.

11



Definition 3.7 Let A be a limit ordinal.
Alk] == max{a < A: N(a) < P(NA+k)}
Lemma 3.8 Let A be a limit ordinal. Then ¥(\+ k) = U(Alk]) +1

Proof. We have N(A[k] = ®(NX + k) since A is a limit. Thus U(A + k) >
U(A[Ek] + 1). We show U(A + k) < U(Ak] + 1) by induction on k. Assume
UA+k)="(o)+1witha<A+kand N(a) <P(N\)+k).Ifa=A+m
with m < k then the induction hypothesis yields ¥(a) < ¥(A[m]) < U(A[k])
since A[m] < A[k] and N(A[m]) < ®(N(A[k])). Thus U(A+k) < U(A[k]). Assume
now a < A. Then o < A[k] by the definition of A[k] and N(a) < ®(N(A[k])).
Hence ¥(a) < U(A[K]). QED.

Definition 3.9 Recursive definition of a natural number D(a) for a € T.

1. D

(a1y...,am)) ==
Olam) + ¥(O(am—1) + U(... + T(O(az) + ¥(O(1)))...)))-

S Lo \S]
>}
~~ o~ o~ o~
[\)
Q
~—
|
S
—~
[\)
S
£
+
-
~—

Then we have D({a1, . .. ,am)) = ¥(O(am)+D({1, ... ,am—1)) and D(a+1) =
D(a) + 1.

Lemma 3.10 1. N(2%) <2Ne,
2. N(a)+1< N2 N(a) < N(2%) -2,
3. a<of = N(O(a)) < Fo(N(O()))-
Proof. Assertions 1) and 2) are easy to prove. Assertion 3) follows by an

induction along the inductive definition of <. For the critical case assume
that a = v+2%, 3 =~v+2% and o/ <o #'. Then the induction hypothesis yields

N(O(a) < N(O(y) + 2N O N(O() +
N(O(y)) + FR(N(O(8) + 1)
N(O()) + F(N(0(27))

F(N(O(y +27)))

2F2(N(O( )))-‘rl)

ININ A CIA

QED.

Lemma 3.11 a<g8 = D(a) <D(H).

12



Proof by an induction along the inductive definition of <g.
1. Assume that

a§0ﬁ2a+<715"' a7m>
where m > 0 and 71,... ,7m € P. Then

DB) = Dla+ {1, 7m)
V(O(Ym) +D(a+ (115, Ym-1)))

> D@+ (71, Ym—1))

>

> D(a +7)

= Y(O(mn)+D(a))

> D(a).
2. Assume that « = o/ +1 and 8 = o + (y1,... ,7m) where m > 1 and
Y1y sYm € P. Then

D(ﬁ) = 'D(Oé/+<’)/1,... 77m>)

= Y(O(ym) +D(a’ + (71, , Ym-1))

2 D(a/+<’717"' 77m71>)

> ...

> D(a +m)

= W(O(n)+D(a))

> 1+ D() =D +1)=D(a).

3. Assume that « = o’ + 2 and § = & + w. Then
D(B) = Dl +w) = W(w + D(a')) > 2+ D(e') = D(a).
4. Assume that a =o' +27 +27 and 8 = o’ + 27", Then

D(B) = D( +27+1)
— \11(2 +1+1+D( ))
— \11(2 +1#2O(7)+1+D( )
> @(20(7)+1#\y(20(v)+1 +D()))
= D +2"+2") =D(a).

5. Assume that a =o'+ (61,... ,Bm)+1land 8 =o'+ 1+ (61,... ,Bm). Then

D(p) (O(Bm) + D(a’ +1))...))
(O(Bm) +1+D()...))
T(OBm—1) + 1+ ¥(O(Bm) + D()))...))
O(Bm—1) + ¥(O(Bm) + D(a')))...))
O(Bm-1) + ¥(O(Bm) + D()))...)

I
=
S
S
+
S

VvV IV IV IV
sy
S
>
+
—_
+ + ~

I
S
L

6. Assume that « = o/ +6, 8 = ' + § where o/ <g ' and 6 = (01,...,d,)
with n > 0 and d1,... , 0, € P. The induction hypothesis yields D(«’) < D(5').
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Then

D(a) = $(O(8,) + ¥(... +1(O(01) + D(a))...))
- +1(0(81) + D(B))...))

\Y
=
S
)
<
+
=

= D).

7. Assume now that o = y+2%", f = v42%" and o/ <o #’. Then O(a/) < O(3).
If O(a’) = O(3') then D(a) = D(B). We may thus assume that O(a’) < O(F').
Then

2(9((1')—}-1 —l—’D(’y) < 20(5’)—}-1 —&-’D(’y)

The assumption o < 3 yields N(O(a')) < Fo(N(O(f'))) hence

N(QO(O/)+1 +D(’y)) 2F2(N((9([3’)))+1 +,D(’Y)
Fy(N(2°W0H) + D(v)

(NI 4+ D(y))

IAN A IA

Therefore assertion 1) of Lemma 3.6 yields
D(a) =D(y +2%) < D(y+2") = D(B).

QED.

Definition 3.12 Inductive definition of a set C of contexts.
1. a+x€C foranyaeT.
2. feC=a+2eC foranyacT.

For o € T we denote by f(a) the result of substituting the placeholder x in f
by «. The result f(«) is then an element of 7.

Lemma 3.13 Assume that f € C.
1. O(f(k)) +1 < O(f(w)) for any k,I < w.
2. N(O(f(k))) < Fo(N(O(f(w))) + k).
3. W(a#20UENH L) < U(a#t20U @) 1 k) for any k,1 < w such that | < k.
Proof. 1. Assume first that f = o + . Then
O(f(k) + 1 = O()#k + 1 < O(a)#w.

Assume now that f = a4+ 29. Then the induction hypothesis yields

I
a
£
*
[\]
S
o
=
i
_|_

O(f(k)) +1

A IA

Il
S
Q
_|_
X

=3

3



2. Assume first that f = a + . Then

N(O(f(k))) = N(O(a)+k)
B(N(O(a)#w)) + k)
E(N(O(f(w))) + k).

Assume now that f = « + 29. Then the induction hypothesis yields

N(O(f(k))) O(ar) + N (206D

(9( )) 2F2(N O(g9(w)))+k)+1

O(a)) + F2(N(O(g(w))) + k+1)
O()) 4 Fo(N(206+L 4 )
(N(O(a +29“)))) + k)

N

a2 =222

«

(
(
(
(

VAN VAR VAN VAN

3. Assertion 1) yields
20U DL | | < qgOU(ENHIH o 9O (w)
Assertion 2) yields

N (a#20U®E)F1 4y N(a)#2NOU®N+L 4

a #QFQ (N(O(f(w))+k))+1 +1

VARVAN
2 2=

«

)
)
)#2F2(N(2O<f(“’)>) 24k))+1 4
B(N (a#2°0@) k)

IAIA

since Na < N(2%) - 2.
The assertion follows by assertion 1) of Lemma 3.6
Lemma 3.14 f € C = D(f(Df(0))) < D(f(w)).
Proof. Assume first that f = o+ . Then
D(f(D(£(0)))) = D(a + D(a)) = D(a) - 2
and

D(f(w)) =D(a +w) = ¢(w + D(a))
> ®(N(w + D())) > D(@) - 2 = D(f(D(f(0))))-

QED.

Assume now that f = o+ 29. Then assertion 2) of Lemma 3.6 and assertion 3)

of Lemma 3.13 yield

D(f(D(f(0)) = D(a+29P+2")y

90(g(¥ 7LD+ | p(q))
90(g(w) 4 @(20(9( N+ 4 D(w)))
20(g(w) 4 90(g(0)+1 D(a))
20(g(w) 4 90(g(w)) | D(a))
20T 4 D(a) = D(f(w))-

A CIN A
sl

v
v

(
(
(
(
(
(
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4 Adding cut-rule and BucHHOLZ’ ()-rule

Our strategy for estimating d(r) is to compute the expanded head reduction
tree of r. Therefore we extend the expanded head reduction trees by a cut-rule
and an appropriate miniaturization of BUCHHOLZ’ Q-rule which allow a simple
embedding of any term of GODEL’s T into the extended calculus. Then we first
eliminate cuts and afterwards the 2-rule by adapting collapsing techniques from
BucHHOLZ’ treatment of ID; (cf. [Bu80]). In this way we obtain expanded head
reduction trees for any term of GODEL’s T with an optimal upper bound on its
size.
The above mentioned €2-rule will have the following form: If

Vk € wVt € T(V)(Iét and t of type 0 = }M Rtab)

then }M R where a, b are suitable variables. We should observe at this point
the special meaning of the terms ¢ in this context. They are in some sense
bounded, especially the variables which occur in such a term serve rather as a
parameter than a variable. This means that during the cut-elimination proce-
dure, where cuts are replaced by substitutions, these parameter-variables are
not allowed to be substituted because the (2-rule is not robust under such sub-
stitution. From this it follows that also recursors which occur in such terms
have another meaning than those which are derived via {2-rule, i.e. they can be
derived as before. In order to model this difference technically we need a copy
T’ (V) of T(V) for which substitution can be handled.

Let V' := {v/ : v € V} be a distinct copy of V. Let V := VUV’ and define
Vi Vbs: Vosr VR Voss, Vos.r analogously to Vg, Vos, Vos r- Let R’ be a new
symbol and define R := {R,R’}. Observe that R’ ¢ V&, VR etc.

With T we mean x or 2’ for x € V.

A ground type ¢ has levellev(t) = 0 and lev(p — o) = max(lev(p)+1,lev(0)).
The level lev(r) of r is defined to be the level lev(o) of its type o, the degree
g(r) of r is defined to be the maximum of the levels of subterms of r.

Definition 4.1 We define T'(V) inductively by
e VU{0,S,R'} CT'(V)
e r,scT/(V) and x € V' = (Azr),(rs) € T'(V)
e tcT(V) andlev(t) = 0= (R't) € T'(V)

Let T(V) :==T/(V) UT(V). -
There are two canonical mappings, the embedding - : T(V) — T(V) and the
breakup ~: T(V) — T(V) which are recursively defined by

ez :=2o' and:;’::xforacGVR
¢ 0:=0,S:=Sandz:=z forxz € Vo s
o \xr = \2'T forx €V, 75 :=T5.

e \Tr:= )aT forx €V, 75 :=T5.

Obviously =t fort e T(V).
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We are considering A-terms only modulo a-conversion without making this
too explicit. Of course sometimes this causes problems, e.g. in defining ar =
Axr we/}ﬁve to make sure x does not occur in . One way obtaining this is to
define Aa'r := \y.(r[2’ := %/]) for some y € V such that y, 3y’ do not occur in r.
Another possibility is — and we will consider this in the following — to assume
always z not occurring in r when writing A\z'r for z € V.

We state some simple observations about the relationship of T(V), T'(V)
and T(V).

L T'W)NTOW) ={S}U{S*0 : ke w}
2. (rs) eT'V)=reT'(V)
3. T(V) is closed under subterms.

4. (rs) € T(V) and r € T(V) = r =S or s € T(V)
Proof. If (rs) € T/(V) then r € T/(V) N T(V) thus r = S. Otherwise
(rs) € T(V), hence s € T(V). QED.

5. (rs) € T(V) and s € TWV)\T'(V) =r € T(V) or r =R’

T(V), z €V and s € T'(V) = r[z := s] € T(V) and
r e T(V) z€Vand s € T(V) = rjx:=s € T(V)
7. redex(t), s € T(V) = coaty(s) € T(V) and
redex(t), s € T'(V) = coat;(s) € T(V)
Definition 4.2 We extend the definition of redex(s), rr(s), coats(*) and mat(s)
to s € T(V).

seT/(V) rr(s) coat (*) mat(s)
at reVyg @ * {1ty
Azxr (Axr)x  * 0
(Aar)ut Azr)u  +t 0
R/ul...ul l SZ R/ * {{’&:}}
R’ tabs :
t=0,5t R tab *5 U]
t=xtd, €V R’/ *§ {{d,a,b,5}}

t#axii, x € Vos  1r(t) R coat;(x)abs mat(t) U {{a,b,5}}
Again we have
rr(t) € Vosr U{R'} U {(Azr)s,R* 0ab,R*(S s)ab | a,b,r,s € T(V),R* € R}

Furthermore we observe rr(t) = rr(t) if rr(t) # R’ and coaty(x) = coat,(x).
We now extend =t by cuts and Q-rules. Let a context ¢(x) be a term in
which x occurs exactly once. With <§ we denote the transitive closure of <.

Definition 4.3 We inductively define }% t fort € T(V), a €T and p < w if
one of the following cases holds:

(Acc-Rule) There is some 3 such that 8 <g o and }gt.
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(Vo,s,r-Rule) 11(t) € Vo s r, @ = 8+ # mat(t) and Vs € mat(t) }% s.
(0-Rule) rr(t) = (Azr)s (x € V), a = f+1 and [ coaty(r[e := s]) and 7 s.
(RO-Rule) 12(t) = R*0ab (R* € R), a = +1 and |2 coat,(b) and [2 a.
(RS-Rule) 1r(t) = R*(St)ab (R* €R), a =3+ 1 and g coaty(at' (R* t'ab)).
(Cut-Rule) t = (rs), lev(r) <p, s e T'(V), a =3+ 1 and }gr and }gs

(R Qo-Rule) t =R uy...uy, | <2, there are new variables ujy1,... ,uz € V',
distinct in pairs, and some (B[] € C such that o = Blw]+1, B[0] +2 < «,

@uiforlgigl(md
Vu € T(V)VEk < w(lev(u) =0& Iéu = @ R/ uugug)

(R’ 1-Rule) t = ¢(R' sab) for some context c(x) and there is some ([x] € C
such that o = plw] + 1, @ s and

Vu € T(V)Vk < w(lev(u) =0& Iﬁu = @ c(R’ uab))

Structural Rule 4.4 }% t,a<tad,p<p = }% t
. . . o e «@ (e}
Proof. A simple induction on the definition of bt shows |- t, then we apply
P

several times the Acc-Rule. QED.

We observe that the cut-free system is a subsystem of the one with cuts.

Lemma 4.5 |§t;s }gt

Proof. The proof is a simple induction on the definition of [= ¢, because a <

f<w=a+1<;p0. QED.

Variable Substitution Lemma 4.6 Assume }% t.

1.z,yeV= }%t[aj =yl
2. z,yeV = }%t[z =y].
For the next lemma observe that o <g o+ 1 <¢ 1 + « holds for all a.

Appending Lemma 4.7 Assume }% t. Ify € V' and ty € T(V) then }# ty.

Proof. The proof is by induction on the definition of }% t.

Acc-Rule. Follows directly from the induction hypothesis by Acc-Rule and the
fact that 8 <ga=1+06<g 1+ a.
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Vosr-Rule. 11(t) = R is not possible because t = Ru; ...u; would imply
t € T(V) \ T/(V) and therefore ty ¢ T(V).

In case 11(t) € Vo the assertion follows because rr(ty) = rr(t), %y for
arbitrary v and 4+n=a=08+n+1l=a+1<y1+a.

B-Rule. rr(t) = (Azr)s, a = f+ 1 and E coat(r[x := s]), }gs.
If t = Azr then s = x, hence coat,(r[r := s]) = 7. Assuming € V would
imply t € T(V) \ T'(V) contradicting ty € T(V), thus € V' and therefore

}%r[m := y] by the previous Lemma. Hence }% ty with }gy and (-Rule, thus
}? ty with Acc-Rule.

Otherwise rr(ty) = rr(t) = (Azr)s. We obtain }%ﬁ coaty(r[z = s])y by
induction hypothesis. As 8 <o 1+ 8 we also have }%ﬂ s. Now coaty,(x) =
coat(x)y, hence }? ty by B-Rule.

RO-Rule and R S-Rule are similar to 3-Rule.
Cut-Rule. ¢ = rs with lev(r) < p, thus lev(t) < p, hence }Z—H ty by a Cut-Rule
and we obtain }? ty by a Acc-Rule.

R'Qo-Rule. t = R'uy...u, I < 2, there are new variables uy1,... ,uz €
V'\{y}, distinct in pairs, and some S[*] € C such that o = Slw]+1, 5]0]+2 <§ «,

@ui for 1 <4 <[ and for u € T(V), k < w with lev(u) = 0 and Iéu
also @ R’ uugug. Let u)...u}§ be uy...us[ur1 =y, then }i;ﬁ[k] R uubul
by the previous Lemma and Acc-Rule. Let v[x] := 1 + ([x], then v[x] € C,
YVwl+1=1+fw]+1=1+aand y[0] +2 =1+ F[0] +2 <{ 1+ «, hence
12 ¢ by R’ Qo-Rule or R’ Qy-Rule (if | = 2).

R’ Qi-Rule. t = ¢(R’ sab) for some context c(x) and there is some G[x] € C
such that o = Slw] + 1, @ s and for u € T(V), k < w with lev(u) = 0 and
|£ u also @ c(R" uab), hence }fl);ﬁ[k] ¢(R’ uab)y by induction hypothesis. Let
vl*] =14 B[«], then v[x] € C, yw]|+1 =1+ PBw]+1 =1+« and }ﬁs by
Acc-Rule, hence }? ty by R’ Q;-Rule. QED.

Collapsing Theorem 4.8 }g t= Igf

Proof. The proof is by induction on the definition of }% t.

Acc-Rule. The assertion follows directly from the induction hypothesis and the
fact that 0 <¢g a = DB < Da.

Vosr-Rule. 11(t) € Vosr, @ = f+ #mat(t) and Vs € mat(t) gs. We have

. — " D A
rr(t) = rr(t) € Vosr and mat(t) = mat(t), thus Izﬂ s for all s € mat(t) by
induction hypothesis. As

o~

DB+ # mat(t) = DB + # mat(t) = D(6 + # mat(t)) = Do

we obtain Igt by Vo,s,r-Rule.
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B-Rule. rr(t) = (A\Tr)s, « = 4+ 1 and % coaty(r[x = s]), %3. We have

rr(t) = r?(?) = (\z?)5, (r[T := s]) = Tl := 8] because if 7 = 2’ then x does
not occur in r, and hence coaty(r[x := s]) = coatA(A[x := 3]). By induction

hypothesm we get |: coaty(7[x := 5]) and |:s As DB < DB+ 1= Da we
obtain |:t by B-Rule.

RO-Rule and R S-Rule are similar to 3-Rule.

Cut-Rule is not possible

R’ Qo-Rule. t = R uy ... u; with [ < 2 and there is some 7 := $[0] with y+2 <}
a and ﬁul for 1 < i < 1. Then t = Ruy... 4, rr(t) = R and mat(t) =
{{u1,...,%}}. By induction hypothesis |:s for all s € mat(t) and hence |:t
by Vo,s,r-Rule because Dy + 1 < D(y +2) < Da.

R’ Q;-Rule. t = ¢(R’ sab) and there is some B[x] € C such that a = B[w] + 1,

@s and

Blk]

Yu € T(V)Vk <w(lev(u) =0& Fu= [

c(R uab) ) (4)

DB[o
With induction hypothesis we obtain % 5. Now s € T(V), lev(s) = 0 and

DA[0] < w, thus
[DB

PPN (R 5ab)
B[0]] ~
y (4). We have (¢(R’ 5ab)) = ¢(R sab) =%, hence |:H]t again by induction

hypothesis. Now comes the highlight: DG[D[0]] < DS[w] < Da, hence |:t.
QED.

Substitution Lemma 4.9 }%T, }gsj, lev(s;) < p, z; € V', s; € T'(V) for

j <l then }?r[i‘::s‘].

Proof. The proof is by induction on the definition of F r. Let u* be u[Z := 3].

Acc-Rule. The assertion follows directly from the induction hypothesis and the
fact that v <pa = +v <o 8+ .
Vo.sr-Rule. 17(r) € Vo s r and there is some v such that o = v+ # mat(r) and
Yu € mat(r F u.

If re(r ) §é {Z} then rr(r*) = rr(r) because x; € V' by assumption. We

have mat(r*) = mat(r)* and therefore }ﬁ u for all u € mat(r*) by induction

hypothesis. Now # mat(r*) = # mat(r), hence S+~ + # mat(r*) = 8+ «, thus
B+

}T r* by Vo.s r-Rule.

Now assume rr(r) = x;, then r = z;r; ... r,, n = # mat(r), and by induction
hypothesis }? rf for 1 <4 <n. From the assumptions we obtain }? s; and

i—1

lev(sj) < p. With Acc-Rule we receive }?_L r¥ for 1 < i < n. Therefore
applying i cuts yields W s;ry...77, hence }? r*.
B-Rule, RO-Rule, R S-Rule and Cut-Rule: The assertion follows directly from
the induction hypothesis by applying the same inference.
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R/ Qo-Rule. 7 = R’ u; ... u; and [ < 2, there are new variables, distinct in pairs,
Ui+1,--- ,ug € V' (wlo.g. they are also new for ¥ and §) and ~y[x] € C such that

a=vw]+1, 70+ 2 < a, Z[O]ui for 1 <i <l and

Yu € T(V)VEk < w(lev(u) =0& Iiu = }y R’ uung)

We have r* = R'u} ... u} and +v[%] € C with S+v[w]+1 = B+a, B+7[0]+2 <}
0 + «a. By induction hypothesis }i;ﬂo] u; for 1 <7 <[ and

Vu € T(V)Vk < w(lev(u) =0& Iéu = M R/ uugu}j)

because for v € T(V) z; € V' does not occur in u. Hence }? r* by R’ Q-Rule.
R’ Q;-Rule. t = ¢(R' sab) and there is some y[x] € C such that o = y[w] + 1,

}y s and
k (k] /
Yu € T(V)Vk < w(lev(u) =0& Fu= }T c(R uab))

We have 7* = ¢*(R’ s*a*b*) and B + v[x] € C with B+ ~v[w] +1 = 8+ a. By

. . . B0
induction hypothesis }'/377[] s* and

B+[k]

Vu € T(V)Vk <w(lev(u) =0& Iéu:> -

(R ua*b*))
B+a * /
hence }T r* by R’ Q;-Rule. QED.

@

o e . 67 2
Cut Elimination Lemma 4.10 }ﬁ t = }Tt

We cannot prove this Lemma in this formulation by induction on the defi-
nition of }% t, because cuts are replaced by appending a variable and after-
wards applying the Substitution Lemma which leads to the sum of the derivation
lengths plus 1. Thus we would need 27 + 28 4+ 1 <g 2A+1 which is only true if
we interpret the formal term 2% by some ordinal function 3°(®+1 which we do
not want.

We will need the following estimations

n<w=n+1<;2" (5)
B#0,0<n<w=n+1+2°<;20n (6)

which can be proved by induction on n: 0+1 <§ 2%, and by induction hypothesis
kE+1<p2k hence (k+1) +1 <§ 2F +1 <o 2% + 2k < 2841, Using (5) we
obtain 1+ 1+ 28 <, 21 4+ 28 <, 26 + 2P <, 2°+T, By induction hypothesis
kE+1+42° < 26F7F hence (k+ 1)+ 1+ 28 <p 1+ 28k <p oftk+l

Proof of the Cut Elimination Lemma. We show by induction on the definition

of %t

>l

Fat=380+8<52" & |5 1)
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Then the main assertion simply follows by a Structural Rule.
Acc-Rule. The assertion follows directly from the induction hypothesis and the
fact that v <g a = 27 < 2¢ and therefore 1 4+ 5 <§ 27 = 1+ 3 <§ 2%.
Vosr-Rule. 11(t) € Vosgr, o = 3+ #mat(t) and Vs € mat(t) f_H s. Let
n = #mat(t).
0 0 n

If n = 0 then };t and 1+ 0 <g 2% If 8 =0 then Vs € mat(t) bs, thus bt.
Now n + 1 <§ 2" by (5).

Otherwise § # 0 and n = n’ + 1. By induction hypothesis we obtain Vs €

5 Bm
mat(t) B s, thus 2= ¢ and 1427 +n <g 1+ n+27 <5 2097 by (6).
B-Rule. rr(t) = (Aar)s, a = f+ 1 and }% coaty(r[z = s]), }L s.

p+1
If = 0 then % coaty(rx = s]), }%s, hence %t by S-Rule and we have
1+1<§ 2! by (5).

B B
Now assume 3 # 0, then by induction hypothesis 2 2

o~ coaty(rlz = s]),
hence P ¢ and 1429 4+1 <o 1+ 1427 <5 20+ by (6).

RO-Rule and R S-Rule are similar to S-Rule.

Cut-Rule. r = (st), lev(s) < p+1,t € T'(V), a = f+ 1 and }ﬁ—sand }ﬁ—

p+1 p+1
By induction hypothesis there are fyl, o with 1+ 7; < 27 and }i s and }%

The Appending Lemma shows }7 sy for some y € V', thus }7)27 r by the
Substitution Lemma as lev(t) < p. We compute 1+, +2° <t 26 428 <, 26+1,

Bl
R’ Qo-Rule, R’ Q;-Rule: By induction hypothesis we obtain }% t for some

B[] € C with B[w] +1 = a, because we also have 2°F € €. Now 1+2° +1 <,
141+ 28] < 28ll+1 1y (6). QED.

Lemma 4.11 Let R’ 0ab € T(V) with variables a,b € V' and let p = lev(a),
then sio.
Izt and lev(t) =0= }gR’tb

Proof. The proof is by induction on the definition of F=¢.
Vo,sr-Rule. 1r(t) € Vosr, M := mat(t), n :== #M and there is some [ such
that 6—|—n§aanst€M|£s.

If rr(t) = 0 then ¢t = 0. We have g a, }% b, hence % R’ tab by RO-Rule.

If rr(¢) = S then ¢ = St/, hence n = 1 and Iﬁt/. Let v = 2- 3+ 1, then
}% t’ by the subsystem property. Now % a by the Vy s r-Rule, hence }Z—H at' b
the Cut-Rule as lev(a) = p. The induction hypothesis yields }Zi_l R’ t'ab, thus
again applying the Cut-Rule produces }ZL_Q at'(R' t'ab) as lev(at’) < lev(a) = p.

Thus }LH)) R’ tab using the RS-Rule, and y+3=2+2-(8+1)<2+2 q.
rr(t) = R is not possible because lev(t) = 0.
It remains 1r(t) € V, thus rr(R’tab) = rr(t) € V and mat(R'tab) = M U

{{a,b}}. By the subsystem property we have Vs € M E s, as well as }%a, }% b,
hus W R’ tab by VO,S,R—Rule. Now B4+n+2<2+a.
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B-Rule. rr(t) = (Azr)s and there is some 5 < a such that Iﬁcoatt(r[x := s]) and

Iﬁs. We have redex(t) = (Azr)s because lev(t) = 0. By induction hypothesis

% R’ coaty(r[x = s])ab for v = 2+ 2 - 3. The subsystem property shows

Iﬁs = }gs, hence }%s. Thus }Z—H R’ tab by 3-Rule.

R 0-Rule and R S-Rule are similar to 8-Rule. QED.
The length 1(r) of r is defined by 1(z) = 1, 1(Azxr) = 1(r)+1, 1(rs) = 1(r)+1(s),

(Az
and the height h(r) by h(z) = 0, h(Azr) = h(r)+ 1 h(rs) max(h(r), h(s))+1.
By induction on 7 we immediately see 1(r) < 21

291 (¢)

Embedding Lemma 4.12 t € T(V) and g(t) < p+1= }7
Proof. . Let e(k) :=4-k—1+2% .k for k> 0. Then e(k) <p 2% -k +2¥ -k <}
(29 +29) - k <p 2¢FL. k. We prove

() -

gt)<p+l= 1

by induction on the definition of ¢ € T(V), then the assertion follows by a
Structural Rule.

t € Vos. We have %f by Vo s r-Rule.
t =R. Let a,b € V' such that R’ 0ab € T’(V), then the previous Lemma shows

Yu € T(V)VEk < w(lev(u) =0& Iéu = }iLM R’/ uab)

because lev(a) < lev(R’) < p+1. Setting 3[x] := 2+2* € C we obtain 2+2-k <}
B[k] by induction on k, where 2 <q 8[0] and 4 <{ [1] are clear, and for k£ > 0
with induction hypothesis 2+2-(k+1) <§ Blk]+1+1 <§ 2+2F 42k < 24-2F+1 =
Blk+1]. Furthermore 3[0]+2 = 2+294+1+1 <§ 2421 +1 <¢ 2429 +1 = Blw]+1
and flw] +1=2424+1 <y 3+ 2% = ¢(1), hence }? R’ by R’ Qo-Rule and
a Structural Rule.

t = Azr. Then g(r) < p+ 1, hence Z(l(r)) 7 by induction hypothesis. Hence
Z(I(THI) t by S-Rule.

t = (rs). Then g(r),g(s) < p+ 1, hence p( ™) & and }& by induction

hypothesis. The Appending Lemma shows M 7z for some suitable z €
e(l(s))+e(l(r)+1

V', henc }p— 75 using the Substitution Lemma, because lev(s) <
lev(7) < p+1lands e T/(V). Now e(m)+e(n)+1 <§ 4-(m+n)—142%-(m+n) =
e(m 4+ n), hence }pi t. QED.

Now we put everything together. Let ¢ € T(V) with g(¢) = p + 1. The
Embedding Lemma and the Cut Elimination Lemma show

2,(211(1))
5 t

where 2, («
2n+1( ):

) is the obvious term defined by iteration of 2%, i.e. 2p(a) = a and
22-(®)  Now the Collapsing Theorem leads to

D2, (2 FL1(t))
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because ?: t. Hence we obtain with the Estimate Theorem
d(t) < 2P22°TH®) = 9T (0@, (271 1(1)

{ 2‘?(w-4~1(t)) ip= 0

S QU(w,(1(1)+1) >0

2\I/(w»4‘2h<t)) Cp= 0
T 2¥e 2 H) 5

It follows from [S97] and [BCW94] that these bounds are optimal.

Remark 4.13 GODEL’s T in the formulation with combinators K and S can
also be analyzed using the same machinary from this paper obtaining the same
results. To this end we have to replace the B-Rules by rules for K and S. They
are treated similiar to the recursor, of course without Q-rules, but also with
copies K' and S' for handling substitution, i.e. cut-elimination.
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