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Chapter 1

Introduction

The present work represents the author’s PhD-thesis at the Mathe-
matisch-Naturwissenschaftliche Fokultat of the Westfdilische Wilhelms-
Unwversitat Minster, which has been developed under supervision of
Prof. W. POHLERS.

The aim of this work is to investigate proof-theoretically formal
theories of bounded arithmetic. For this purpose the subsystems IXY of
first order arithmetic and subsystems of bounded predicative arithmetic

will be investigated, too.

1.1 Bounded arithmetic

"Bounded arithmetic theories are subtheories of first order arithmetic.
They attempt to formalize reasoning about finite structures”. In [6]
S. Buss introduced the theories S5, T%, Ui, V1 of bounded arithmetic
which correspond to the computational classes in the polynomial time
hierarchy PH, PSPACE and EXPTIME. The classes P of languages
computable in polynomial time on deterministic TURING-machines and
NP of languages computable in polynomial time on non-deterministic
TURING-machines are levels of PH.

It is a common assumption that the separation problems of bounded
arithmetic theories are essentially the same as the separation problems
of computational classes (including P vs. NP), although the only known

result in this relation is the following result in [16]:

_ qn+l p __ TP

1See [9] p. 2.
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Thus, the collapse of S, implies the collapse of PH.? Therefore, the sep-
aration problems of bounded arithmetic theories are among the major

unsolved problems of the present time.

In the case of relativized computational classes things are quite
different. It has been shown in [1] that there are oracles A and B such
that P4 = NP and P? # NP”. In [25] and also in [13] it has been
shown that there is an oracle A such that PH# (i.e., the polynomial
time hierarchy with an oracle A) does not collapse.

Corresponding results for bounded arithmetic theories are proved by
using these results. The set X2 (X) of bounded formulas of the language
of bounded arithmetic with set parameters X, X1, ... is stratified into
levels ¥0(X) € XH(X) C ... similar as the arithmetical formulas are
stratified into levels X3(X) C X9(X) C .... More precisely, 3t (X) is
the set of bounded formulas where all quantifiers are sharply bounded
quantifiers (i.e., they are bounded by a term of the form [¢|, where
In| = [logy(n + 1)]). In addition to this XP, | (X) is the set of bounded
formulas with ¢ alternations of bounded quantifiers, which start with an
existential one and do not count the sharply bounded ones. The prenex
(or strict) versions of ¥P(X) (where the closure under sharply bounded
quantifiers is omitted) are denoted by sXP(X). The sets of bounded
formulas without set variables will be denoted omitting ”(&X')”.

Let |y|, :== y and |y, ., == |(|yl,,)]- The theories X} (X)-L™Ind
are axiomatized by a finite set of defining axioms for the non-logical
symbols and by the induction schema which consists of all formulas of

the form
F(0) AVa<|t|  (F(z) — F(z+1)) — F(|t],,)

with F' € ¥2(X) and t being a term. As exponentiation An.2" is not
a function which can be proved to be total in bounded arithmetic, this
induction schema seems to become weaker if m increases. The theories

with small numbers m have special names:

sRY(X) = s¥P(X)-L?Ind
R3(X) := XB(X)-L’Ind
Sp(X) = ¥P(X)-L'nd
T3(X) = XP(X)-L’Ind.

2Ct. [24].
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Theories without set variables are denoted by sR%, S5 ... PXP-L™Ind,
PTY ...

It holds that:
o S5(X) C Ty(X) C S37(X) ([6)),

o SIH(X) is VP, | (A)-conservative over T2(X) ([7]), although
o SyHH(X) # TH(X) ([16]).

o T3(X) # S3(X) ([14]), thus

e T2(X) is not VX! (X)-conservative over S3(X) ([8])

Here VP (X) is the set of first order universal closures of formulas from
YP(X).

All these separation results are proved by showing that a certain
principle ®(X) is not witnessed in polynomial time by a TURING-
machine with an oracle from X (fixed 7 for all X'). In this thesis we
develop a new concept, which allows us to uniformly prove separation

results for bounded arithmetic theories.

1.2 Towards Dynamic Ordinals

GENTZEN’s consistency proof for pure number theory® was the starting
point of ordinal analysis. Ordinal analysis assigns a characteristic value
to a formal system, its proof-theoretical ordinal. The proof-theoretical
ordinal O(S) of a formal system S with an associated concept of formal
derivability | is defined as the supremum of the ordertypes || < || of
primitive recursive definable well-orderings < whose wellfoundedness

can be recognized in S

O(S) =sup{|| < || : < is a primitive recursive definable
well-ordering and S |- Fund(<, X)}.

The formula Fund(<, X) describes that if < is progressive on X then
X is total:

Fund(<,X) =Ve(Vy(y <z —yeX)—-zeX)—-Vr(reX).

3See [11].
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Thus VX Fund(<, X) expresses the wellfoundedness of <.

Different proof-theoretical ordinals imply a separation of the under-
lying systems: if O(S;) € O(S3) then there is some well-ordering <
such that S; F Fund(<, X) but Sy |/ Fund(<, X).

1320 is the theory of first order arithmetic with induction restricted
to X9(X)-formulas, i.e., formulas of the form: one unbounded existen-
tial quantifier followed by a bounded formula. For arithmetic theories
which are strong enough (i.e., which are extensions of IX{) the proof-
theoretical ordinal is a good measurement in the sense that the different
theories under consideration receive different proof-theoretical ordinals.

For subsystems of I¥{ the proof-theoretical ordinal does not yield a

good measurement. R. SOMMER has shown in [20]:
129 b Fund(w -k, F) for all k < w, F € %9(X)

and
120 + Fund(w?, ¥9(X)) = Ix9.

For bounded arithmetic theories he remarks in [21]:
TH(X) b Fund(w - k, F) for all k < w, F € AR(X)

and
S(X) + Fund(w?, Ab(X)) = 1%0.

Therefore we obtain

O(T) = w?

for theories T which are stronger than T3(X') but weaker than I3{.
Let T be a subsystem of first order arithmetic. Let S be a suitable
ordinal notation system for 7', and let ® : & — ON be the associ-
ated evaluation function. Ordinal analysis is statically in the sense
that it determines firm natural numbers n € S coding ordinals, such
that 7" proves the wellfoundedness of ®(n). As illustrated above this
yields no information for weak theories — we always obtain the same
proof-theoretical ordinal. This deficiency can be overcome by Dynamic
Ordinals. We consider functions F': w — § enumerating natural num-
bers which code ordinals such that 7" proves the wellfoundedness of
®(F(n)) uniform in n. Now we have the chance that considering the
growth rates of such functions yields a good measurement for weak
theories. Thereby we do not think of the growth of the values of F
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according to the canonical ordering of the natural numbers — F' can
have (and, of course, will have in the analysis of bounded arithmetic
theories) polynomial growth rate. Here we mean growth of the values
of F according to the canonical ordering of the coded ordinals.

We define this formally. Let “(®[S]) be the set of all functions
f:w— ®[S]. For f,g € Y(®[S]) define f < g iff f is majorized by g,
ie., Vn(f(n) <g(n)). For F C “(®[S]) let the <-hull of F be

H(F) = {f €“(2[S]) : FgeF (f <9)}.
Then we define the Dynamic Ordinal of T, DO(T), by

DO(T) = H{An.®(F(n))| F :w — S is a provable recursive
function of T and T | V& Fund(F(z), X)}.

For theories stronger than or equal to IX{ Dynamic Ordinals yield
no additional information when compared with proof-theoretical or-
dinals. E.g., let § be the common ordinal notation system for &,
then O(IX) < O(IX?, ). Thus all functions in DO(IX?) can be ma-
jorized by the constant function An. ”code of O(IXY) + 1”7 which is in
DO(I! ).

Different Dynamic Ordinals imply a separation of the assigned the-
ories: if there is an f € DO(T3) \ DO(T}) then by definition there is a

function F': w — S which is provable recursive in T5 such that
Ty b Va Fund(F(z), X)

and f < (/\n(I)(F(n))) =: g. Now f & DO(Ty) yields g & DO(T),

thus F' is not provable recursive in T} or
T\ H Fund(F(z), X).

We will see that Dynamic Ordinals give us good measurements for

bounded arithmetic theories.

1.3 Extended summary

The methods of ordinal analysis for first order arithmetic and its subsys-
tems IX? form a basis for the investigations of the bounded arithmetic
theories S5 (X), T5(X), etc. These methods are composed of
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e carrying through the well-ordering proof in the formal system.
This yields a lower bound for the (dynamic) proof-theoretical or-
dinal.

e formulating a semi-formal system and proving

— cut-elimination

— that formal derivations can be embedded into the semi-

formal system

— a so called Boundedness Principle for the semi-formal sys-
tem: a (almost) cut-free semi-formal derivation of the well-
foundedness of a well-ordering needs at least « steps, where

« is the ordertype of the well-ordering.

This yields an upper bound for the (dynamic) proof-theoretical

ordinal.

In the first part, from Chapter 3 to Chapter 5, we work out these

methods for the systems X2 and obtain the well-known results

o)) = w?
0(12101-5-1) = wn3(0),

where wy(a) = @ and w;y1(a) = w*(®). In this part two main results
are new. The first one is an L -cut-elimination which shows that a
cut with a propositional formula can be substituted by as many cuts of
atomic formulas as the formula contains atoms. This avoids exponential
growth of derivation lengths, a consequence of the usual cut-elimination
procedure. The second result is a sharpened version of the Boundedness
Theorem which goes back to GENTZEN. The original version, of which

a proof can be found in [17], states

}%Fund(%,X) = O(=<) <2°
We use a new idea to prove

}%Fund(%,X) = 0(<) <a.

Again this avoids additional exponential growth.
Ordinal analysis always uses cut-elimination which involves expo-

nential growth of derivation lengths. Therefore, if we try to transfer
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methods from ordinal analysis to bounded arithmetic we have to find
a way of dealing with the exponential function even in bounded arith-
metic theories, although these theories cannot prove the totality of the
usual exponential function.

In the ordinal analysis of IXY similar problems occur when we try
to speak about ordinals and the function Aa.w®. The solution there is
to code ordinals by natural numbers. Replacing w by 2 transfers this
idea to the situation of bounded arithmetic. Therefore, we obtain the

following correspondences:

first order arithmetic
7 )\a wam
For a = w™ + ...+ w™ < ¢gg

with o, < ... < oy let

& = (4q,...,4,) €D Cw.

Thus, we obtain Aa.w® as a prov-
ably recursive function on the no-
tations D:

bounded arithmetic
7 )\n'2n77
For o =2% + ... 4+ 2% < w

with a,, < ... < oy let

& = (Ga,...,an) €E Cw.

Thus, we obtain Aa.2% as a prov-
ably recursive function on the no-

tations &:

The coding-functions (.. .) are the familiar GODEL numbers for sequen-
ces?, which are polynomial time computable. In Chapter 6 we will show
that the exponential notations and several basic operations on them are
polynomial time computable functions.

In the last part, from Chapter 7 to Chapter 12, we apply the meth-
ods described above to bounded arithmetic theories in order to obtain a
good measurement of those theories. To this end we have to find, beside
other things, a bounded formula which describes the wellfoundedness
of the ordering < on the exponential notations up to some exponential
notation a. < is given according to the ordering of the coded values,
i.e., < satisfies m < n <= m < n. It would suffice to find a value a

which bounds all exponential notations below a:

VB <a (B <a).

4Ct. [6] p. 7.
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Then all unbounded quantifiers in Fund(c, X) can be bounded by a.
This yields the desired formula Fund(a,a, X).

Let ®¢ be defined by ®¢(a(x)) = n <= n = ax). A function
f(x) is polynomially bounded if there is a polynomial p(x) such that
|f(x)] < p(Jz|). If a is given by a function a(z) of x and the value
Og(a(x)) denoted by a(z) is close enough to z, i.e., it is polynomi-
ally bounded, then we obtain the desired value a as a function of z in
bounded arithmetic, i.e., we discover it as a term in x of the language
of bounded arithmetic. Therefore, the methods described above can be
applied to some bounded arithmetic theories and they produce a good
measurement of them.

On the other hand if ®¢(a(x)) is not close enough to x, which means
that eventually ®¢(a(x)) > 27, the only expedient is to assume the ex-
istence of such a value a. This value is not allowed to bound the length
of an induction — otherwise this would influence the Dynamic Ordinal
in a way that a in general cannot bound all exponential notations below
this Dynamic Ordinal. Thus, from the point of view of induction, a has
to be impredicative. The linguistic frame in which this takes place will
be called bounded predicative arithmetic. It leads to conservative exten-
sions of bounded arithmetic theories PY" (X')-L™Ind, PRy (X), PS5 (X)
and PTH(X).

Models of bounded predicative arithmetic theories distinguish be-
tween two kinds of individuals, the predicative ones (from I,) and the

impredicative ones (from I). It holds:
e ], is a subset of I.

e [, is closed under some polynomial time computable functions,
e.g. +, - and the "smash”-function z # vy := 21 and it admits

weak induction principles depending on the underlying theory.

e On [ only graphs of some polynomial time computable functions

are given.

All this will be introduced in Chapter 7. In Chapter 8 we summa-
rize the relationships between previously defined bounded arithmetic
theories, transfer them to bounded predicative arithmetic theories and
finally show that the latter theories are conservative extensions of the

corresponding former ones.
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A specific bounded formula Big(a, b, «) solves the previously ex-
plained difficulties which lead to bounded predicative arithmetic. This
formula expresses that all exponential notations below « are bounded
by a

VB < a (B <a),

and that the graphs Gy which are under consideration in the language
of bounded predicative arithmetic define total functions with values

below b applied to arguments below a
Vé<a 3d<b G¢(C, d).
This leads to the formula
Big(a,b,a) — Fund(a, o, X).

Following a suggestion of Jan Krajicek in Prague in August 1996 we will
abbreviate this formula by BigFun(a,b,a, X). Why not, as it yields
so many exciting separation results.

For bounded (predicative) arithmetic theories T we define the Dy-
namic Ordinal of T, DO(T), by

DOT) == H ({An.cbg(t(n)) | #(z) is a term
defining a function ¢(.) :w — &

with T | Va BigFun(a, b, t(z), X)}).

In Chapters 9 to 11 we transfer the techniques developed in Chapters
3 to 5 for the theories IX? to bounded predicative arithmetic. Further-
more, we show that nearly the same works if we replace the set variable
X with the set X(d) = {7 : Bit(i,d)} coded by the impredicative value
d in BigFun, where Bit(i, d) is true iff the i-th bit in the binary expan-
sion of d is 1. This replacement requires the existence of indiscernibles:
to a given (finite) set II of formulas and [ € w there exists a set I C w

of indiscernibles such that
VM C{0,...,1} 3mel (m codes M below 1),

at which a number m codes a set M below [ iff Vi<l (i€ M < Bit(i, m)),
and

Imel (NE Ag[m]) <= Vmel (N E Aglm])
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for all atomic formulas A € II other than Bit(-,d) or Bit°(, d), where
Bit®(-, d) is the complement of Bit(-,d). The indiscernibles are essential
for the monotonicity of formulas F' € II in which Bit°(-,d) does not
occur (and again this kind of monotonicity is essential for the proof of

the Predicative Boundedness Theorem):
m,nel, mCn & NE Fym] = NE Fy[n],

at which Vi (Bit(i, m) — Bit(i,n)).
Results: Let n+1>m > 1, then

DO(PYP

n+1

-L™Ind) = DO(PEY,  (X)-L™Ind)
= H({ i.2,(p(|,,)) : pa polynomial})

DO(*S3™) = DO(*S; (X))

= H({Ni.2,(p(]i])) : p a polynomial})
DO(PR;™*) = DO(PRy (X))

= H({\i.2041(p(||é]])) : p a polynomial})
DO(PT3*) = DO(PT; (X))

= H({Ni.2,+1(p(]7])) : p a polynomial}).

Furthermore, for n > 0 the results are

DO(sEb,,(X)-L"Ind) = H({Ni.2,(p(li],,1)) : p apolynomial})

)
DO(SYX)) = H({Ni.p(|i|) : p a polynomial})
DO(sR3(X)) = H({ i.220FD : p a polynomial })
DO(T(X)) = H({\i.2?(") : p a polynomial})

= DO(S5(X)).

For theories T, 15 let T} C T5 iff T} is included in 75, which means
that for all formulas F' if T} |— F then T |— F. Let Ty C Ty iff T3 is a
proper extension of 77, i.e., T} C Ty and 17 2 T5. Let n > 0 and m > 1.

The results imply the following relations between bounded predicative

theories:
Py ()
Py L (X)-L™Ind  C PP, (X)-L™nd.

Hence
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P8I (X) L PTEH(X)

IR

PRyTA(X) L PSpT(X).

For bounded predicative arithmetic theories without set variables we

also show:
P n+1
Ty

»oK

Pyl L™Ind  C PxP L -L™nd.

Hence
P n+1 P n+1
Ss ; Ty

L

pR721+2 C pS’I2’L+2.

—_—

For small bounded arithmetic theories we obtain:
T5(X)

» K

s¥r (X)-L"Ind  C s¥P L, (X)-L" ' Ind.

Hence

Si(x) & THX)
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Chapter 2

Basic Definitions

We fix:

e The set of the natural numbers is always identified with the or-
dinal w = {0,1,2,...}. Let P(w) be the power set of w, i.e.,
P(w) = {S:5 Cw}.

e We denote the first uncountable ordinal by €.

o Let wy(a) := a and wppi(a) == w*®. Let 2y(a) := o and
2ni1(@) = 220,

e Sometimes we will use a dyadic notation of the natural numbers:
let i; € {0,1} for j <k, then we define

WE

=0
We shortly write (siy, .. .i0)s for s 2801 + (i), .. . ig)q if s > 1.

e Let S,(t) be the expression obtained from the string S by replac-

ing all occurrences of ¢ by t.
o Let A() i= {¢ : A(p)}.

In the following we introduce some basic polynomial time com-
putable functions which will be of interest in the further development of
this thesis. From now on we abbreviate ”polynomial time computable”

by " polytime”.

e S, +, - are the usual successor, addition and multiplication func-

tions.

13
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Sp and S are the binary successor functions given by An. S;(n) =
2-n+1d with ¢ € {0,1}.

The binary length function is given by An.|n| = [logy(n + 1)],
where we set [r] for real numbers r as the least integer z which
is bigger than or equal to r. For sequences nq,... ,n; we shortly

write |ny, ... ,ng| instead of |nq|, ..., |ngl.

The shift right function An.|in] assigns to each natural number

n the biggest natural number which is less than or equal to 3.
The smash function is given by Amn.m # n = 2™l
The arithmetical subtraction function is defined by

m—-—n ifm-—n>0
mn.m —n =
0 otherwise.

The functions Amn. MSP(m, n) and Amn. LSP(m, n) compute the
more significant part and the less significant part of a natural

number m. They are uniquely defined by the conditions

m = MSP(m,n) - 2" + LSP(m,n) and LSP(m,n) < 2".
< and < are the usual "less than” and ”less than or equal” rela-
tions.

The predicate Bit(m,n) is true iff the m-th bit in the binary

expansion of n is 1.

All polytime functions are generated from the basic functions defined

above using composition and the following rules of limited recursion on

notations! or of limited recursion?.

The function f is defined from functions g, hg, h; and k by

limited recursion on notation if

,0) = g(%)
f(Z,8Si(y) = hi(@,y, f(Z,y) (i=0,1; i#0ify=0)

provided that f(Z,y) < k(Z,y) for all Z,y.

LCf. [10] p. 28.
2Cf. [6] p. 8.
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See ROSE [18] for a proof that this rule again defines polytime functions.

The function f is defined from functions g, A and polynomials
p and q by limited recursion if the following holds:
Let the function 7 be defined as

T(Z,0) = g(%)
7(Z,8(y)) = WZy,7(Z,y)).

Then let
f(@) = 7(Z p(|7]))
provided that |7(Z,y)| < ¢(|Z]) for all Z and y < p(|Z])).
See Buss [6] for a proof that this rule again defines polytime functions.
A monotone polynomial is a polynomial containing only positive
coefficients. All polytime functions have polynomial growth rate, that

means: given a polytime function f there is some monotone polynomial

¢f such that
£ ()] < qr(I7])

for all 7 € w. It is well-known that for each monotone polynomial ¢

there exists a polytime function f, such that

q(I71]) < |f4(7)]

for all 77 € w. This function f, can be defined as a term from 0, 77 and

"y
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Chapter 3

Pure Number Theory

In the following three chapters we do the ordinal analysis for the sub-
systems 120 of pure number theory Z;. ILe., we compute the proof-
theoretical ordinal O(IX2) which is the supremum of the ordertypes of
all primitive recursive definable order relations whose wellfoundedness
is provable in IX0. Pure number theory Z; is an extension of PEANO
arithmetic by definitions. In Z; there are symbols for all primitive

recursive functions and set variables.

3.1 Preliminaries

Let us fix a first order language £, with equality in which the frag-
ments of Z; which are under consideration can be axiomatized. We
adopt the definition from POHLERS [17] with the change that we use a
language in TAIT-style, i.e., without a negation symbol — negation will
be defined syntactically.

The logical symbols of L, are: countably many number variables
Zg, X1, ..., countably many set variables Xg, X1, ..., the sentential con-
nectives A, V, the quantifiers V, 3, the equality symbols =, # and the
membership relation symbols €, ¢.

The nonlogical symbols of L, are: a constant n for each natural
number 7, an n-ary function symbol f for each n-ary primitive recursive
function f and brackets as auxiliary symbols. We consider <, £, < and
% as defined symbols. There is no negation symbol in £, but we can
define a syntactic operation = : £, — L, which has the meaning
of negation according to the DE MORGAN laws, see [17] p. 23. We
abbreviate =F'V G by F' — G and (FF — G) A (G — F) by F < G.

17
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The set of terms of L is the smallest set which contains the num-
ber variables and constants and is closed under the function symbols
of L, . Ly -terms which contain no free number variables are called
ground terms. Let Y be the evaluation of a ground term ¢ according to
the standard interpretation of the constants and the function symbols.
Prime formulas or atomic formulas are of the form s =t,s #t,s€ X
or s ¢ X where s,t are terms and X is a set variable of £, . We
obtain all first order L, -formulas from atomic formulas by closing un-
der V,A,3,V. We abbreviate Vz (r < t — A) and Jz(x < t A A)
by Vax<t A resp. dx<t A. These quantifiers are called bounded quan-
tifiers, quantifiers not of this form are called unbounded quantifiers.
L, -formulas which do not contain free set variables are called arith-
metical. L, -formulas which do not contain free number variables are
called IIj-sentences of L, . Arithmetical £, -formulas which do not

contain free number variables are called sentences of L, .

Let F be a Ili-sentences containing no variable not occuring in
Yi,..., Y, Let My,... My € P(w), then N E Fy, vy, [M,..., M]
is defined as usual'. Let N E F iff N E Fy, vy, [M,..., M| for all
M, ..., My € B(w).

In order to axiomatize the fragments of Z; in question we first define
some special sets of £, -formulas: ¥f = II) = Af is the smallest set
of £, -formulas which contains all atomic formulas and is closed under
sentential connectives and bounded quantification. XY, is the set of
L, -formulas of the form 3z A with A € TI9. TI9 | is the set of £, -
formulas of the form Vz A with A € 39.

Let BASICyz, be some convenient set of L, -sentences which ax-
iomatizes the nonlogical symbols of £, ?, i.e., BASICy, consists of the
defining equations for the constants and the recursion equations for
the function symbols. We define induction axioms depending on sets
of £, -formulas ®: let (®-IND) be the set consisting of the universal

closure of formulas

A(0) AVz (A(z) — A(Sx)) — Vo A(x)

1See [17] pp. 14 for a definition.

In [17] pp. 18 we can find a suitable axiomatization.
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with A(z) € ®. We consider the axiom systems

Z1 = BASICy, U (L, -IND)
X = BASICyz U (XY-IND).

We write T F F to indicate that the L, -formula F is a logical conse-
quence of T" where T is one of the fragments defined above. We write
I F to indicate that F follows from BASIC, without any additional

induction axiom.

3.2 The well-ordering proof in IX°
Let < be a binary relation on w definable by an £, -formula. Let
field(<) := {n€w : Imewn <morm<n)}.
For well-founded < let
In|< == sup{|m|<+1:m=<n}e.
The order-type of < is defined by
| =<l = {lnl« : new} e

Observe that |n|s = 0 for all n ¢ field(=<).

We formalize the notion of wellfoundedness. Let

Prog(<,X) = Voa(Vy(ly<z—-yeX)—-zxeX),
Fund(<,X) = Prog(<,X)—Vz(xeX).

Then < is well-founded if and only if N F Fund(<, X) (observe that
N E Prog(=<,X) always implies w \ field(<) C X). Therefore, we say
that T proves the wellfoundedness of < iff T F Fund(<,X). Finally
we define the proof-theoretical ordinal O(T) of T' by

O(T) = sup{|| < || : < is a primitive recursive definable
binary relation and T |- Fund(<, X)}.
To compute O(IX?) we first give an upper estimation by adapting

the well-ordering proof of Z; from [17]. We arithmetize the ordinals less

than ¢y = sup,,., w,(0) so that we can talk about them in £, . Each
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ordinal o < gp, @ # 0, can be written uniquely as a = w® + ... + w*"
with > a1 > ... > a,,n > 0. This is called the CANTOR normal
form of a and will be denoted by o =cnpw® + ... + w®. The follow-
ing function "' : g9 — w defined by transfinite recursion yields an
arithmetization of ¢¢. Let
o7 e 0 ca=0
("o, T, ) s a=cnpw™ + .. W,

where (...) is a suitable primitive recursive coding function for finite
sequences, e.g., the GODEL-numbers as defined in Chapter 6. Let D
be the range of -, then "-': ¢y — D is bijective. On D we define the

relation < and the functions +,%, & by

fa'<Tp7 = a<p

I—OZ_I_T_I—ﬁ—I — l—a"’ﬁ—l
I—a‘lfl_ﬂ—l — T - ﬁ—l
et — Fo®

D, <, +, %, & are primitive recursive. For the rest of this chapter and
the following two chapters let small Greek letters indicate ordinals resp.
codes of ordinals.

On D the basic properties of ordinal arithmetic are provable in I3).

In particular we obtain:
3.2.1 Lemma I3 proves:
Va, B, <o #0Aa < B+wt — 38 < pdn < wla < f+w’-n))

Proof: We argue informally in IX9. Fix «, 3,4 < &g with g # 0 and
a < [+ wt If a < 3 the assertion is trivial, e.g., let § = 0,n = 1.
So we may assume < a. We write o and (3 in their CANTOR normal
forms — the CANTOR normal form of 0 is defined to be the empty sum.

Q.  =CNF wo‘l—i—...—l—wa’“ <k>0)
ﬁ —CNF wﬁ1+...—|—wﬁl (ZZO)

We distinguish the following cases according to the computation of
0 < a:
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1.Ifl < kand oy = By,...,0¢ = G, let § :== o1 and n =
k + 1, hence

B+w -n>w™ 4. 4w+ 4w >

k — l‘:cimes

2. There is an ¢ > 0 with ¢ < k and oy = (1, ..., a4 = [;,

i1 > Biv1. Assume p < a1, hence
B+wt <B+w =wM 4.+ <

contradicting o < [ + wt. Hence 0 := a;11 < p. Let n :=
k + 1, then

BHw n>w™ +. . 4w W WM >

k — 7 times

According to the previously defined canonical well-ordering of ¢y we
slightly modify the definition of Prog and Fund. Let

Va A(a) i= Va(xeD— Ax)),
JaA(a) = Fz(x e DA Ax)),
VB<a A(B) = VB(B =2 a— A(B)),
B<a A(B) = BB 2 a N A(B)),
VB<a A(B) = VB(B < a— A(B)),
IB<a A(B) = 3B(B < a A Ap)),
aCX = Vi<a(feX)

where < « is an abbreviation for § < a V = a. We define

Prog(a, X) = Vp<a(fC X — e X),
Fund(a,X) :i= Prog(a,X)— (a C X).

If A(x) and F(X) are L, -formulas, we write F/(A(-)) for substituting
te X by A(t) and t ¢ X by —A(¢) in F.

In a first step we compute a lower bound of O(I3)).
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3.2.2 Lemma Let A(x) € 11} and | < w. Then 1% |- Fund(w-1, A(*)).

Proof: We use induction on [. Let X := A().
If I = 0 then there is nothing to do because w-0=0and | 0C X.
In the induction step | ~ [ 4+ 1 the induction hypothesis yields

129 | Fund(w - 1, X). (3.1)
Now we argue in I3). Assume
Prog(w-(l+1),X) = Va<w- (I+1)[aC X — a€ X].
Hence Prog(w -1, X), which together with (3.1) yields
w-lCX. (3.2)

Now we show

Vm<n (w-1+m e X),

which is a X9-formula, for all n < w by induction on n. Then we
conclude Vn (w -l +n € X) and obtain w - (I +1) C X using (3.2).
Hence Fund(w - (I + 1), X).

For n = 0 there is nothing to do. In the induction step n ~ n + 1
we use the induction hypothesis Vm<n (w -1 +m € X) and (3.2) to
obtain w -1l +n C X. Then Prog(w- (I+1),X) yieldsw-l+n € X,
hence Vm<(n+ 1) (w-l+m € X). O

This lemma implies
W =sup{w-1 : I <w} <O(IDY). (3.3)

To compute a lower bound of O(IZY ;) we have slightly more to
do. We define the jump of the set X by

Ip(, X) == {f<a:Vy(y+w <" AyC X - y+w’ C X}

and show the following lemma.
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3.2.3 Lemma Let A(z) € II%,,. Then
35041 | Prog(w®, A(+)) — Prog(a + 1, Jp(a, A())).

Proof: Let A(z) € IT), ;. We argue in I¥) ; and assume

Prog(w®, A(+)), (3.4)
f<a+l (3.5)

and
ﬁ C Jp(Oé,A(-)), (36)

then we have to show that 8 € Jp(a, A(+)). So assuming that v satisfies
v+ <w® (3.7)

and
v C A(Y) (3.8)

we have to conclude v + w® C A(). If 3 = 0 we obtain 7 < w® using
(3.7). Thus, (3.8) and (3.4) imply A(y), hence v +w® C A(:). If 3> 0
then Lemma 3.2.1 shows that for ¢ < v+ w” there are § < S and k < w
satisfying & < v + w® - k. Thus, it suffices to prove

Y+ -k CA() (3.9)

for any § < # and k < w. To prove (3.9) we use induction on k. This

is allowed in IX9 | because
Y+ ECA() = VE(E <y +W’ -k — AE))

is equivalent to a IIY, ;-formula and (IIY_,-IND) is provable in IX? .
As v =7+ w’-0 we obtain v+ w’ -0 C A(-) by (3.8).
For the induction step k£~ k + 1 we assume

Y+ -k CA(). (3.10)

As § < 3 we obtain § € Jp(a, A(+)) by (3.6). Together with the induc-
tion hypothesis (3.10) this yields

(y+ o k) +w C A()



24 CHAPTER 3. PURE NUMBER THEORY
(3.7
because (7 +w’ k) +w’ =v+w - (k+1) < v+t <y4+0f < w®,
hence
y+w - (k+1) C A().

O
3.2.4 Lemma Let A(z) € 112, ,. Then
X0, F Fund(a, Jp(a, A(+))) — Fund(w®, A(")).
Proof: Assume
Fund(a, Jp(a, A(+))) (3.11)
and
Prog(w®, A(+)), (3.12)

then we have to show that w® C A(-). Lemma 3.2.3 applied to (3.12)

gives us
Prog(a+ 1, Jp(a, A(+))). (3.13)

Then (3.11) together with (3.13) yields o C Jp(a, A(-)). We obtain
a € Jp(a, A(+)) using (3.13). Hence w® C A(-) and we are done. 0

Let Jpy(a, X) = X, Jp, (o, X) == Jp(a, Jp,(w, X)). We ob-
serve
Az) e Il = Jp(a, A(+)) € TID .

Hence X, Jp(aq, X), ..., Jp,(an, X) € IIY ;, and Lemma 3.2.4 shows
X0, F Fund(a, Jp, 1 (a, X)) — Fund(wni(a), X).

Applying Prog(l, A(+)) I-times to 0 C A(-), we obtain | Fund(l, A(-))
for any [ < w and any £, -formula A(z).
Altogether this leads to 120, F Fund(w,1(1), X) for all | < w.

Observe wy1(w) = wpi1 (W) = wyy3(0), hence

wn+3(0) = sup{wp1(l) : I <w} <O(IXD, ). (3.14)



Chapter 4

Semi-formal Systems

In this Chapter we introduce an infinitary language and an infinitary
system which are convenient for investigating subsystems of pure num-
ber theory. We prove the familiar cut-elimination for the semi-formal
system. Further we embed formal derivations of subsystems of pure

number theory into this semi-formal system.

4.1 The infinitary language

First we repeat the definition and some basic facts of the infinitary
language L, from POHLERS [17].

The basic symbols of £_ are the logical symbols: countably many
set variables Xo, X1,..., A,V,=,#, €,¢, and the same non-logical
symbols as for £, . The terms of £ are the ground terms of L, .
Prime formulas or atomic formulas are the atomic I1j-sentences of £ .
With these the £ -formulas are inductively defined using the following
clause:

If I is a non-empty index set and (A;);es is a sequence of L -
formulas, and all A; contain no variable not in Xy, ... , X} for
some k < w, then A(A;)icr and \/(A;)ier are L -formulas.

In the sequel we will often write A\, ; A; and \/,; A; instead of A\ (A;)ier
resp. V(4;)ier- Let F' be an £_-formula. Assume that the variables
occurring in F' are among Y, ..., Y. Let Ny,... , Ny € B(w). Then
NE Fy,,.. v, [Ni,...,Ni] is defined in the usual way'. Similar to £,

we have no negation symbol in £_, but we can define a syntactic op-

1See [17] p. 24 for a definition.

25
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eration = : L — L according to the DE MORGAN laws, see [17] p.
23.

From L£_ we obtain sub-languages L, and L, by restricting the
index sets I in the inductive definition of the formulas to subsets of w
resp. finite subsets of w. In the sequel we may assume that I € w\ {0}
in the definition of L.

The canonical translation * of Ilj-sentences of L, to Ly, is given by

the following inductive definition:
1. F* := F if F'is an atomic formula
2. (Fo N B = Ny BT
3. (Fo v )" = Vg I
4. (Vast F(x))* i= N,eu F(n)*  if F € A,
5. (Frst F(2))* = Ve F(n)* if F € Ay,
6. (Vo F(2)) = Ao, F(n) i (Ve F(x)) ¢ A,
7. 3z F(x)* = V,., Fn)* if 3z F(x)) ¢ Af.

We define the rank rk(F') of an L -formula F such that F' € L if
and only if rk(F) < w:

1. tk(F) := 0 if F is atomic.

2. 1k(N;e; Fi) == tk(V,e; F5) == max{rk(F;)+1 : ic I}
if card(l) < .

3. tk(Nie; Fi) = tk(V,e i) = sup({rk(F;) +1 : i€ [} U{w})
if card(I) > N,.

The definition is extended to £, -formulas F' by rk(F) = rk(F™). We

observe

Fel, <= 1k(F)<uw,
Fel, = T1k(F)<Q,
Fel, = 1k(F)<w+tuo,
FeXl = 1k(F)<w+n
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4.2 The infinitary system

4.2.1 Definition We inductively define the infinitary system E A for

ordinals a, p and A a finite set of L__-formulas by the following clauses.

At =1 holds.
A, s =+t holds if s" # V.

(Ax1)

NENE

(Ax2) A s€X,t¢ X holds if s = ¢V,

(Cut) }%A holds if there is some oy < o and some L -formula F
with rk(F') < p and }%A,F and }%A, -F.

The infinitary system gives us a possibility to measure the complexity of
true ITj-sentences in the following sense: Using search-trees it is shown,
e.g. in [17], that

NEF < Ja<Q 5 F

for ITi-sentences F. Therefore, the truth complexity of a IIi-sentence
F' is defined by

te(F) min{a : }%F*}:N#F
C =
Q : otherwise.

Before we can compute bounds for the truth complexities of II}-
sentences which are provable in IXY we have to fix a complete formal

system for those theories. Let ® be a set of £, -formulas.

4.2.2 Definition We inductively define the relation I® | A for finite

sets of L, -formulas A by the following clauses.

(Ax1) I® | A holds if A contains a mathematical axiom from the
set BASICy, .

(Ax2) I | A holds if A contains an equality axiom of the form

Vo (r=x) orVaVy (x=y N\ A(x) — A(y)) for atomic formulas
A(x).
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®-IND) I® |- A holds if A contains a formula of (®-IND).

) I® - A, Fy A Fy holds if 1& - A F; for all i € {0,1}.

>

(
(
(V) I® - A, Fy vV Fy holds if 1& | A, F; for some i € {0, 1}.
(

v) 1 | A, Vo F(x) holds if 1® | A, F(y) for some y which does
not occur in A, Vz F(z).

(3) 1® | A, 3z F(z) holds if 1® |- A, F(t) for some L, -term t.

(Cut)  I® | A holds if there is some L, -formula F with 19 FAF
and 1® - A, —F.

We want to embed the derivable ITj-sentences of I3? into the in-
finitary system. To do that we need an auziliary infinitary system
IND, }%A for £ -formulas which, in addition to the clauses of }%A,

has the following kind of w-rule:

(IND,,) IND, }%A, F(t) holds if rk(F'(t)) < w+n and there is an o <
a with IND,, % A, F(0) and IND, 2 A, =F(k), F(k + 1) for
all & < tV.

The basic properties of both infinitary systems are easily proved by

induction on «:
Structural Rule }%A and a <o, p<p,ACA = }i:A’.
p
IND,, }%A and a <o, p<p,ACA = IND, }i,A’.
p

(A\)-Inversion }%A, Nier i = }%A,Fi for all i € 1.
IND, A, Ajer Fi and tk(A;o; F) > w+n = IND, CAF,
for all i € 1.

(\/)-Exportation }%A,\/igkﬂ = }%A,FO,... , F.
IND, £ A,V Fi and tk(V,., Fi) > w +n
— IND, 5 A Fy, ..., F.

Equality Lemma }%A(s) and sV =t = }%A(t).
IND, | A(s) and s =" = IND, [ A(#).

Using Structural Rules we can always assume — and in the sequel we
will do so — that the conclusion of an inference is always included in
the premise.

Some cuts in the infinitary systems can be eliminated. To do so we

prove the following lemma:
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4.2.3 Elimination Lemma Let F' = A,_; F; be an L -formula and
tk(F) = p.
« a+0
C0F & BA-F & p>0 =  |—TI,A
IND, [ST,F & IND, LA ~F & p>w+n
a+p
— IND, —T,A

NS

Proof: We use induction on 5. (We only prove the first assertion,
the second follows by a similar argument.) The interesting case is that
-F = \/,.; ~F; is the main formula of the last inference. Then the
last inference has to be an application of (\/) (it cannot be (IND,,) in

the second assertion as rk(F') > w + n). Thus, there are some ) <
Bo

and 1o € I with }p— A, —F,—F;,. The induction hypothesis yields
R A -F, (4.1)
Applying (A )-Inversion to }%T, F we obtain }%F, F,, hence
BT AR, (4.2)
by a Structural Rule. An application of (Cut) to (4.1) and (4.2) yields
}Z—WF,Aasrk(Fio)<rk(F):panda+ﬁo<a+ﬁ. O

Using the Elimination Lemma we obtain the Elimination Theorem.
4.2.4 Elimination Theorem
e’ 2
}m A& p>0= [-A

IND, F=A & p>w+n = IND, A

Proof: The proof is by induction on a. O

4.3 The Embedding of 13!

4.3.1 Theorem Let F(x1,...,x;) be an L, -formula containing no

variable not indicated. Assume IX° |- F, then there is an m < w such
that for all uy,... ,u; € w }i—:; [F(ug, ..., u)]"
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Proof: The proof is subdivided into three steps. First we embed the
formal derivation into the auxiliary infinitary system IND,. Assuming

IX0 | A we show that there are some m,r < w satisfying
Vuy, ... ,up € w IND, }:}n—ﬂ A(ug, ... ,u)]”

by induction on the definition of IX? | A. The most interesting case
is that A contains a (X2-IND)-axiom, i.e., the universal closure of a

formula

F(0) AVz (F(x) - F(Sx)) — Yz F(z)

with F(z) € ¥%. By induction on the generation of F' we can easily

show that there is some m < w such that
IND, 5 =F(0)*, F(1)*

for all I < w. Using the Equality Lemma, (/\) and two times (\/) we

derive from this
IND, "= G, ~F(1)*, F(l+1)*
where G i= [=F(0) V dz (F(z) A ~F(Sz))|*. We also obtain

IND, (=G, F(0)".

[e=]

Hence
IND, [ [<F(0) V 3z (F(x) A ~F(S )], F(1)*

for all | < w using (IND,,). An inference (/\) and two inferences (/)
yield the assertion.
By cut-elimination 4.2.4 we then obtain:

2, (m)

Vul,...,ukEw INDH}W[F(E’7%)]*

Embedding IND,, into the infinitary system yields

w-2,(m) "
Y, ... ,up € w }W[F(ﬂ”%)]

and we are done. For the last step we show the slightly more general

assertion
IND, =T = [==T

by induction on «. The only interesting case is that the last inference

was an application of (IND,,). The induction hypothesis applied to the
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premises of the inference leads to some F'(t) with rk(F(t)) < w+n and
some ap < « satisfying [Z='T, F(0) and [Z22 T, =F(k), F(k 4 1) for
all k < t". Then we can show }%2“ [, F(l) for I <N by inductively
applying (Cut). Thus, as w - ap + " < w - (ap + 1) < w - a, we obtain

}% [, F(t) using the Equality Lemma. O

The Elimination Theorem applied to the last result yields

4.3.2 Corollary Let I be a Ill-sentence, n > 0 and IX° | F, then
there is an m < w such that W .

Proof: The Embedding IX2-Theorem together with the Elimination
Theorem leads to }M F* for some m < w. We compute 2“% = w®
and 2" = @) This yields 2, (w- @) = wy (@) and 2, (w- (1 +a)) =

wy(a) for n > 1 and « > 0, thus the assertion follows. 0
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Chapter 5

Upper Bounds for O(IZ%)

In the previous chapter we bounded the lengths of the infinitary deriva-
tions of Fund(<,X). These derivations use cuts of translated AS-
formulas, which are £ -formulas. In this Chapter we connect the
lengths of such derivations with the order-type of a well-founded
arithmetical-definable binary and transitive relation <. We do this in

two steps. First we prove the following cut-elimination for £ -formulas
A = A
Then we show the following Boundedness Theorem:
}%Fund(<,X) = || < || L.
Both results together yield
E Fund(<,X) = || <||<w-a

and that is all we need to compute the missing estimations for O(IX9).

5.1 L -cut-elimination

An L -formula can be viewed as a finite tree whose leafs are labeled
with atomic formulas and whose nodes are labeled with A and \/. A
heriditary inversion of such a formula is obtained by replacing each
subtree above a node labeled with /\ by the subtree above one of its
child-nodes. Any selection of this kind will be represented in form of a

sequermnce.
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5.1.1 Definition For an L -formula I' we define a set of possible se-
lection sequences S(F') and inversions F/ for f € S(F). If F is atomic
then let S(F) := {()} and FV = F.

In the case that F' = )\, Fi we define

S(F) = {{(j,g) : 1 <1 & g € S(F))}

and we set F/ = (F})? for f = (j,g) € S(F).
In the remaining case that F' = \/,, F; we define

S(F) = {{g0,---»a) : 9o € S(Fp),... .9 € S(F))}
and we set F1 := \/,,(F})9 for f = (go,... ,q1) € S(F).

We give an example. Let P;;, 7 <1;, @ <, be atomic formulas. Let
F = Vo \j<, Pij. We compute

S(F) = {{gor--. . q) : gies(/\aj) for i < 1}

= {0, O U 0)) = G <l for i < 1.

Let j; <; for i <, then

FG0,0)s (0N = \/ ( /\ ij)(%())

i<l j<l;
= VP,
i<l

Let F' be an L -formula. Let Yi,... Y} be the variables occurring
in ' and Ny,..., Ny € P(w). An easy induction on the generation of
F shows

(/€ SF)NEFY [N, Ni) = NE By Vi, N,

Furthermore, we can show

5.1.2 Theorem (Heriditary Inversion) If F'is an L -formula, then
SAF = VfeS(F) LA F/.

Proof: We use induction on «. If the main-formula of the last inference
is not F', then an inference of the same kind (together with the induction
hypothesis if & > 0) yields the assertion. Otherwise, we distinguish the

following cases:
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Fix some f € S(F). If F is atomic then F/ = F. So there is
nothing to do.
If = \/,,, Fi then the premise of the last inference is of the form

}Z—,A,F,Fj for some j <l and o < . Furthermore, f = (go,... ,q)
with g; € S(F;) for i < [. Applying the induction hypothesis twice we
obtain }%/ A, F!, F) thus one (\/)-inference yields }%A, F7.

In the remaining case we have F' = A, _, F}, some o; < « and

}%A,F,Fi for i <. Then f = (j,g) with jig [ and g € S(F}). We
apply the induction hypothesis twice and obtain }% A, FT Fjg . Thus,
a Structural Rule yields }%A, F/ observing F/ = Fjg . O

All these observations obviously extend to arbitrary £ -formulas.
Of course the definition of the inversion then uses arbitrary selection
trees which can be infinitary. The next result strongly depends on

the finite structure of £ -formulas. It is the main observation in this

section.
We define the length, 1h(F'), of an L -formula F inductively by
Ih(A) := 1 for an atomic formula A and
(/A F) == h(\/F) = ) _Ih(F).
i<l i<l i<l

Obviously 0 < 1h(F) < w and lh(F) = lh(=F). 1h(F) counts the

occurrences of atomic formulas in F'.

5.1.3 £ _-Cut-Elimination Lemma Assume F € L, p > 0,
A Fand [2A,~F. Then =25 A

Proof: With £ -inversion we obtain
VfeS(F)

JF7 (5.1)
Vg € S(—F) (

S A
S A, (=F). (5.2)
From this we prove }th(F) A by induction on the generation of F'.

If F is atomic, then S(=F) = S(F) = {()}, (=F)Y = =F and
FO = F. As1k(F) = rk(=F) = 0 < p and 1h(F) = 1 we obtain the
assertion applying a (Cut).

In the case that F'is not atomic we may assume F' = \/,_, F;, hence
-F = A\, —F;. Now we prove for j <1+ 1 B

+>0<i<; h(F3)

Vi €S(F).. . VhieS(H) =" AR R
(5.3)
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by induction on j. For j = [ + 1 this means an empty sequence of
) a+1h(F
quantifiers Vf; € S(F;) and formulas F/| hence }:7() A.

For j = 0 we observe

VB = RS = e

Jj<i<l 1<l
Vfo € S(F).. Vi € S(E) (s fi) €S(F))

> I(F) =0,

0<i<j

therefore, (5.3) follows directly with \/-Inversion from hypothesis (5.1).
In the induction step j ~ j+ 1, 7 < I, we first fix f; € S(F;) for

j<i<Il Let L:= ) ;Ih(F;). The side induction hypothesis

yields

Ve S(E) A EL,. R E (5.4)
For any g € S(=F;) we know (j,g) € S(—=F) and (=F)U9 = (=F})9,
therefore, hypothesis (5.2) yields
7 A (F)
and by a Structural Rule we obtain
VgeS(-F) AR LR (- (5.5)
As Fj is a sub-formula of F' we can apply the main induction hypothesis

to (5.4) and (5.5) which yields [ A Fl R which s the

9 ]+1 )
assertion (5.3) for j + 1 as L +1h(F)) = >, ;. Th(F}). 0

5.1.4 £ -Cut-Elimination Theorem

A = A
Proof by induction on a:: The only interesting case, which is not imme-
diate, is that }g A is derived by a (Cut). Then there are some oy < «

and some £__-formula F with rk(F) < w and > A, F and £ A, —F.
The induction hypothesis leads to }% A, F and }? A,—F. From
rk(F) < w we know F' € L, hence }MA applying the £ -

Elimination Lemma. As F' € £ we compute

weag+h(F)<w-(ag+1) <w-a.
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5.2 The Boundedness Theorem

We can find a proof of }%Fund(<,X) = || < || < 2% in [17] The-
orem 13.10 — a result which goes back to GENTZEN. Nearly the same
proof yields

}%Fund(-ﬂX) = || <] <2%

Here we use a new idea to prove
(0%
hFund(%,X) = || <] <«

For this purpose we make some preliminary definitions and observa-

tions.

5.2.1 Definition We define the negative points N x(A) of a set of L__-

formulas A relative to a set-variable X :

N} F=s¢X

1. If F is atomic let Nx(F) :=
1] . otherwise

2. Nx (Vz’e]Fi) = Ny (/\ielFi) = UieINX<Fi>
3. Nx (A) = Upea Nx(F)

5.2.2 Lemma (Monotonicity) Let F' be an L _-formula containing
no variable not in X,Yy,...,Yy. Let My, My, Nq,... , Ny € B(w) with
Nx(F) C My C M,. Then

NE Fxy.. v [M17N17 cee >Nk] = NF Fxy, . v [MQ, Ny, ... 7Nk]-

Proof: The proof is by induction on the generation of F'. O

Let < be a well-founded arithmetical definable binary and transitive
relation. Its accessible part can be inductively defined by the accessi-
bility operator AL(S) := SU{n € w : Ym < n(m € S)} for S C w.
The a-th iteration of this operator is recursively defined by A%(S) =
AL (SU Us<a AP(S)). Thus, we obtain the a-th stage of the inductive
definition by A%(0).

In our further considerations we have to compute the effects of ad-
joining one element to S on A%(S). For this purpose we first give

another, more direct description of A%(.S).
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The enumeration function of a class O C ON is defined by

enp(a) == min{{ € O : (V4 < a)lenp(f) < {]}. Let enp = enox\o
be the dual enumeration function which enumerates the complement of

O. For C Cw let C= = {|n|x : n € C'}. Observe
C Cc(C = encg=<(a) <eng<(a), (5.6)
and
en(cugsh< () < eme=<(a +1). (5.7)
We define
5.2.3 Definition We define the reachability operator by
R2(C) == {new : |n|x <eng<(a)} UC.

Observe for n ¢ field(<) that n € R%(C) because |n|x = 0. In
the sequel we shortly write enics and R%(C, s) instead of encyrsy and
R%(C U {s}).

For n € w with |n|< = enc<(a) we have

(Vz < n)(36 < a) [r € RE(C)]
and conversely if (Vo < n)(38 < a) [z € RZ(C)] and n ¢ C then
(38 < a) [|n|< = eng=<(B)]. Hence

R%(C) = CU|[JRAC)U{n€ew : |n|x =enc<(a)}

[B<a

— A, <Ou g RZ(O))

[B<a

By induction on « this yields
RE(C) = AZ(0),
hence
(Vz < n) [r € R%(C)] = n € RY(CO). (5.8)
The advantage of R%(C) in contrast to A%(C) is
R%(C,s) C RET(C) U {s} (5.9)

which is obtained using (5.6) and (5.7).

In the sequel we consider the set variable X to be distinguished.
Therefore, we can write N(F'), N E (\/ A)[M] etc. instead of Nx(F),
NE (VA)x[M] etc.
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5.2.4 Boundedness Lemma Let X be the only variable occurring in
A, then

}%—'Prog(<,X),A — NF (\/ A)[RZ(N(A))]

Proof: We use induction on « and consider several cases according
to the last inference. In the case of an axiom already A itself is an
axiom of the same kind and we are done. If the main formula of the
last inference belongs to A then the assertion follows from the induction
hypothesis, the Monotonicity Lemma and the correctness of the last
inference.

We now turn to the interesting cases. If the main formula of the
last inference is = Prog(<, X), then we can find, using inversion, some

o/ < « and some term s such that
}%/ﬁprog(<,X),A,Vw < s(zeX) (5.10)
and
[ —Prog(<,X),A,s ¢ X. (5.11)

If there is some n < s such that n ¢ R (N(A)) then the induction
hypothesis applied to (5.10) yields N £ (\/ A) [Ril(N(A))}, and the

assertion follows with the Monotonicity Lemma. Otherwise, (5.8) yields
s € RZH(N(A))
which together with (5.9) implies
RY(N(A),s) € RT(N(A) € RYN(A).  (5.12)
The induction hypothesis applied to (5.11) together with (5.12) entails
N (\/ )| RE(N()]

by the Monotonicity Lemma.
In the case that the last inference is a cut there are o < «, an

atomic formula F and premises
- —Prog(<, X), A, F (5.13)
and

}T—/ —Prog(<,X),A,-F. (5.14)
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We may assume that F' contains no other variable than X (otherwise
F includes some variable Y different from X which can be substituted
by X). Assume F' = s € X. In the case s ¢ R%(N(A)) the induction
hypothesis applied to (5.13) combined with the Monotonicity Lemma
yields N £ ((\/ A), seX> [Rf;(N(A))] ,hence NE (\/ A) [Rf;(N(A))] .
Otherwise, s € R%(N(A)). The induction hypothesis applied to (5.14)
leads to N E (\/ A) [Rf(N(A), 5)] With (5.9) we observe

R (N(A),s) € RYT(N(A)) U {s} C RY(N(A)),

so using the Monotonicity Lemma we obtain N F (\/ A) [Ri(N(A))} .
If FF = s¢ X the situation is quite symmetrical. In the remaining
case I’ is an atomic sentence not of the form s € X or s ¢ X. Then
the induction hypothesis applied to (5.13) and (5.14) combined with
the Monotonicity Lemma yields N F ((\/ A), F) [Ri(N(A))} and N F

((va),~F) [R2(N(A))], hence N E (V A)[ RE(N(A))]. 0

5.2.5 Boundedness Theorem
}%Fund(%,X) = || <] <a
Proof: First we observe that there is an o/ < « such that
}?—,—'Prog(<,X),Vx (x € X). (5.15)

To obtain this we show by induction on :

If 6>0and P,..., P, are atomic formulas satisfying
2 Fund(<,X), Py,... P,
then there is an v < ( such that

}%Prog(<,X),V:v (xeX),P,..., P

If }?Fund(%,X),Pl, ..., P, by an axiom let v = 0. If the main for-
mula of the last inference is Fund(<, X) then we are in the situation of
an (\/)-inference, and we obtain the assertion by (\/)-Exportation. If
the last inference was a cut then there is a prime formula P and some
Bo < B with

® Fund(<,X), Py,... , P, P
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and

® Fund(<, X), Py,... , Py, ~P.
If By > 0 then the induction hypothesis and a (Cut) yield

Bo
1

Prog(<,X),Vx (zr € X),P,..., P.
Otherwise, P, ..., P has to be an axiom and we obtain

}—?Prog(%,X),V:v (reX),Pr,...,P.

We compute Ny (Vm (x € X)> = () and emy(a’) = . So the previ-
ously proved Boundedness Lemma applied to (5.15) yields

Vo x € R (),

hence Vz (|z|<x < ), hence || < || ={|n|x :new} Ca/+1<a. O

5.3 Applications: O(IX%.,) = w,3(0) and
O(IX)) = w?

In the last part of this chapter we use the £ -Cut-Elimination Theorem
and the Boundedness Theorem to compute O(I%?).

Assume IX? I Fund(<, X). Using Corollary 4.3.2 there is an m <
w such that }:”;1( Fund(=<, X)*. Now the £_-Elimination Theorem
5.1.4 yields }M Fund(<, X)*. Then the Boundedness Theorem
5.2.5 yields || < || € w-wpr1(Mm) < wpi1(w) = wpys(0). Thus, we
have shown O(IX? ) < w,43(0). Together with the result (3.14) from
Chapter 3 this yields

5.3.1 Corollary  O(IX?, ) = w,43(0). O

Assume 1% | Fund(<, X). With the Compactness Theorem and
the Deduction Theorem for first order logic there are Ay,... , A, €
(X3-IND) such that

A, ... A, Fund(<, X)
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As A(0) A Va (A(x) — A(Sz)) — Vo A(z) is logically equivalent to
Va I4(x), where I4(x) i= A(0) A Vy<z (A(y) — A(Sy)) — A(x), there
are Ad-formulas Fy, ... , Fy such that

b=V I (2),. .., Va2 Ig (2), Fund(<, X). (5.16)

Actually we have to consider universal closures of formulas /r. But by
coding techniques we may always assume that the length of the block
of universal quantifiers is 1.

We need a slightly modified definition of the rank function (rk(F') :=
0 if F' is atomic and rtk(A,.; F5) = 1k(V,c; F) = sup{rk(F;) +1 :
i € I'}) in order to produce from the above formal derivation a finitary
cut-free semi-formal derivation. We can directly embed derivation 5.16
into a modified infinitary system (which uses the new rank definition)

obtaining some m < w and r < w such that
= (Ve I, (2))%, ..., ~(Va I, (2))*, Fund(=<, X)*.
Adapting the Elimination Theorem 4.2.4 leads to

2y (m) * * *
2 (Y Iy (2)), ., (Ve L ()", Fund(<, X)".

To obtain

2 Pund(<, X)* (5.17)

we prove

o I (@), (e I (@), A = E2A

by induction on a. The assertion follows directly (with the induction
hypothesis if @ > 0) if the main formula of the last inference was not
—(Va I (x))* for i € {1,...,k}. Otherwise, we can find some oy < «

and some [ € w such that

@Q

0 - \V/.I’Ipl gooee ,_l(\V/.I‘IFk(I‘))*,A,_'[Fi(D*.

Using the induction hypothesis we obtain
}# A’ -1 F; (D*

Adapting the embedding of induction from the proof of Theorem 4.3.1

we observe that there are some m/, " < w with [— I (I)*, hence
T

2,/ (m") «
A, Ir(1)
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Obviously Ix(l) € A, hence Ir(l)* € L, and the £ -Elimination

Lemma yields
‘w-a0+274/ (m/)+1h[lpi (D*}

"
We compute w - ag + 2,-(m/) + Th[Ig(D)*] <w- (g +1) <w-a.
The Boundedness Theorem applied to (5.17) yields

| <]l <w-2,(m) <w-w=uw?

hence O(IX)) < w?. Together with the result (3.3) from the middle of
chapter 3 this yields

5.3.2 Corollary O(IX)) = w?. O
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Chapter 6

Notations for Exponentiation

A necessary condition for a function f to be feasibly computable is that
it grows at most polynomially, i.e., it has polynomial growth rate', which
means that there is a polynomial ¢ such that (Vn)[|f(n)] <gs(|n])] — a
condition which is satisfied, e.g., by all functions from the polynomial
hierarchy PH, in particular by the polytime functions. Therefore, it
is difficult to deal with the exponentiation function directly in the in-
vestigation on bounded arithmetic theories. One possibility of dealing
with exponentiation is shown for example in [12] that the graph of the
exponentiation function can be defined by a AJ-formula.

In this thesis we will follow another idea. In the ordinal analysis of
741 we coded ordinals less than ¢y in such a way that basic operations
like +, - and Aa.w®™ on the ordinal notations became primitive recursive
functions (cf. Chapter 3). Replacing w by 2 yields a coding of the
natural numbers in such a way that some basic arithmetical operations
like 4+, An.2 - n and exponentiation An.2" on this notations become

polytime operations.

6.1 Exponential codes for natural num-

bers

Let (...) be the GODEL numbers for sequences as defined in [6] p. 8 with
the change that we do not reverse the order of the bits. The following
equations define such a coding. First we define a function s*a for

s,a € w by limited recursion on the notation of a. This function adds

Lef. [6] p. 9.

45
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the value a to the sequence s.

s*0 = (50010), = 16-5+2
s*1= (s0011), = 16-s+3
s* (ai), = ((s*a)li), = 4-(s*a)+2+1i, (i=0,1anda#0).

Then the GODEL numbers are given by

0 =0

— k
, = - .
<a1 <o O, ak+1> <&17 ) ak> Af+1

Let Seq be the polytime set of all GODEL numbers.

How does GODEL numbering work? The GODEL number for the
sequence ai, ... ,a; is constructed as follows. First write the a;’s in
binary notation so we obtain a string of 0’s, 1’s and commas. Then
we replace each 0 by 710", each 1 by 711”7 and each comma by ”00”.
The resulting string of zeros and ones is the binary representation of
the GODEL number (aq, ... ,a;). For example the GODEL number of
3,4,5is (11110011101000111011), or 997.947. () is defined to be 0.

In the following we introduce some polytime functions which ma-

nipulate GODEL numbers.

<CL1,... ,ak>**<bl,... ,bl

ﬁ(07 <a17 sy Ak
Ih({aq,... ,a

)

)

Bli+1,{(ay,...,ax)
trunc,({ay, ... , ag, Gri1)
)

)

)

l

= (a1,...,a5b1,... by
= k

= k

= aj4q, 1<k
truncy({ay, az, ... ,ax)) = {ag,...,ax)
first((ay,... ,ax)) = a

last({(ay,... ,ar)) = ag

)
)
)
)
) = {a1,...,a)
)
)
)
)

SqBd(k, = (/{:#Sl(sl(l)))2.
SqBd(-, -) has the property
Var, ... apsl <<a1,... L) < Squ(k,l)).

In the sequel we use small Greek letters for natural numbers that

are interpreted as exponential notations. Using this coding function we
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define

D¢

2

4

4

D¢
—> ?TQ ()
I
NS
° —

Q

Bl

~

The intended meaning of these codes becomes clear from the evaluation

function which is given by

A

®0) = 0
G2 .. Joor) = 2% 4 9%(ew)
thus ®(1) = 1. Of course ® is not a polytime function.

Now we define the predicates £, < and the functions ®¢, T¢ by the

following equations:

a€ef <= a=0orthereare aj,...,q € £ with
a =24 F2% and ®(ay) < ... < D()
b, = D&
a<p <= ofecf & Pela) < De(P)
Te = &',

For o, 3 € £ we give an implicit definition of the functions 4 and 2:

Ce(atp) = Pe(a)+ e(B)
De(2") = 2%,

£ is the set of exponential notations. In the rest of this Chapter we
show that the predicates £, < and the functions +, 2, Tg are polytime.

First we observe that the desired exponentiation function on £ can be

written simply as Aa. 2" = (o). Therefore, 2 is a polytime function.
Let
filn) == 2(...2(Te(n))...)
——
i-times

then we compute

.2n . .
De(filn)) =2 i-times.

After having seen that T¢ is polytime this shows that ®¢ cannot be
polytime.
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6.2 Limited course-of-values recursion

The verification that the predicates £, < and the functions 4, T¢ are
polytime requires a special limited course-of-values recursion.

In the sequel we will use limited recursion (on notation) to define
polytime functions. In doing so we often use 1h(s) to bound recursion.
This is allowed since 1h(s) < |s].

The usual course-of-values recursion is equivalent to primitive recur-

sion, thus, in general, polytime functions are not closed under this rule.

Another, more technical, aspect is that An.(0,1,... ,n — 1) growths ex-
ponentially, because for n > 0 we compute |(0,1,... , n—1)| >2-n >
n, hence (0,1,... ,n—1) > 2" Therefore, one requirement of lim-

ited course-of-values recursion is that the course is given by a polytime
function.

In the following let s C t mean that s,¢ are GODEL numbers and s
is a subsequence of ¢, i.e., if lh(s) = k and t = (to,... ,t;_1) then k <1

and
Jig, ... ,ip_1 (io < <dpr <l & s=(ty,. .. ,tik71>>.
6.2.1 Definition A course-function is a function course(-) satisfying
course(s) C (0,...,s — 1)
and
course(s) = (sg, ..., Sp_1) = Vi<k (Course(si) C (So,--- ,si_1)>.

The course-of-values of a function f according to course(-) is defined
by
Fe(s) = (f(s0), - s fsp—1))

provided that course(s) = (Sg, ... ,Sk_1)-
If f and course(-) are polytime then also "¢ is polytime. This

can be seen, using limited recursion, by a similar argument as in the

following theorem.

6.2.2 Theorem (limited course-of-values recursion)
Let course(:) be a course-function. Given a function g there exists a

uniquely defined function f solving

f(s) = g(s, f(s)).
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If in addition course(-) and g are polytime and there exists another

polytime function h satisfying
f(s) < h(s)
then this f is polytime, too.

Proof: Existence and uniqueness are proved as usual. For the second

part of the theorem we define the function

select((ao, Ce ,Clk_1>, <CLZ‘1, C ,air>, <b07 . ,bl_1>> = <bi1, . ;bir>

for an increasing sequence (ag, ..., a5 1), i1 < ... < i, < min(k,I).

Using functions

(@, 8,7,0%¢) - w=(a*a,f%a,7"¢,0)

T : otherwise
and
r({ay,...,ar) = (ag,...,a1)

select(ar, 8, 5) = B4, D™ ((x(a),x(8),x(s), (1)) < 5

we observe that select(+) is polytime by limited recursion. Here b*(a)
is the z-fold iteration of b(-) applied to a.

In order to prove the assertion it suffices to show that feuse is
polytime. Let t = course(s) = (by,...,b_1), then we define a poly-
time function ¢(t) = (f(bo), ..., f(bi—1)) with the use of ¢(t,i) =
(f(bo),..., f(bi1)) and the fact that course(b;) is a subsequence of

(b, ... ,bi—1). Then we can compute for i < [

(i) = g(bi, £ (bi))
= g(b;,select(t, course(b;), (¢, 7))).
We define

¢(t,0) = ()
Btit1) = Bti)*g(Bli+1,0),
select(t, course(3(i + 1,t)), (¢, 1)))
o(t) = o(t,1n(t)) < heUe(1)

feore(s) = ¢(course(s)).

By limited recursion f°"*° is polytime. O
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6.3 &, <, +, T¢ are polytime

We need some special course functions which compute those subse-
quences such that all values are included which are needed in the defi-
nition of £, <, + and Tg. We start defining

sort({ay,... ,ag)) == (by,... b

where {ay,... ,ar} = {b1,... ,b;} and by < ... < b;. sort(-) can be com-
puted using one of the commonly known sorting algorithms, e.g., one
which runs in time O(n?) sorting n objects. Thus, sort(s) is computable
in time O(]s|*), hence polytime.

Now we define

U({({a11, .. sa1s)s oy (Qk1s oy aki))) = (b1, ..., bp)

where by < ... < b, and

{bl,... ,bl} = {all,... ,alil,... s Akt - - ,a;“-k}.

The following equations may be used to observe that U(:) is polytime.

Let s = (S0, ... ,Sk—1)-
F({s0y- - y8k_1)) = so™F ... ** s < SqBd(s, s)
U(s) = sort(f(s)).

By limited recursion f is polytime, thus also U(-). We use these func-
tions to see that the transitive closure® of a sequence can be computed

by a polytime function. To this end, observe that U‘S|(s) = () and let
g(s) == s**U(s)**U(U(s))**...** Ukl(s) < SqBd(s#s,s)
then g is polytime by limited recursion. Hence
te(s) = sort(g(s))

is polytime and computes the transitive closure of s. By construction
tc(+) is a course function.

We need a similar course-function for pairs of sequences.
Let teo((s,t)) = (c1,... ,cx) with ¢; < ... < ¢ and

{c1,... s} ={({di,ej) 1 1 <i<m,1<j<n}

2The transitive closure is generated using the obvious element relation on se-

quences which is given by a; is an element of {a1,... ,ax), 0 <i < k.
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where tc(s) = (di,...,dy,) and tc(t) = (e1,...,e,). The follow-
ing equations are used to observe that tcs(:) is polytime. Let s =
<80, e ,Sk_1> and let t = <t0, ce ,tl_1>.

f{soy...,8k-1),a) = ({sg,a),...,(sp_1,a)) < SqBd(s,s*a)
X(S, <t0,... ,tl_1>) = f(S,to) kK f(S,tl_l)
< SqBd(s#t,s**t)
teo((s,t)) = sort(X(tc(s),tc(t))).

By limited recursion both f and X are polytime. Thus, also tca(+) is
polytime. By construction tcy(-) is a course function.

We use tey(+) to show that £ and < are polytime.

acl = a = 221, . F2% with aq,...,a, € & and
an < ... < aj.

a<f <= a,f €& a=2F. .  Fo2% p=20F 2
and Ji<l(i < kand oy = f1,...,0; = [; and
(1 =k or ajp1 < Bit1))-

We cannot apply Theorem 6.2.2 directly to this simultaneous definition
because if we try to compute 0 < 291 42% =: 5 we need 3 € € and
for this B, < B1. But (3, ;) does not occur in tcy((0,3)). Surely
it is possible to change the definition of tcy(+) to overcome this lack,
as (B, A1) < (0,5). But there is another possibility to show that &£
and < are polytime which uses Theorem 6.2.2 and tcy(-). We define
a more general relation <. We obtain <’ by replacing £ through Seq
(the set of all GODEL numbers) in the definition of <. Let y s be the

characteristic function of <’, i.e.,

1: !
X%’(avﬁ): ‘7 ﬁ

0 : otherwise,

and let h({a, B)) = x<(a, 3). Rewriting the definition of <" we obtain

a polytime function g satisfying

bl B)) = g (e B), h* (e, B))) < 1,

therefore, Theorem 6.2.2 yields that A is polytime, thus also y~ and
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hence <’ are polytime. Now we define

ae€f <= Seq(a)and Vi < lh(«w) [6(2 + 1l,a) € £ and

(i >0 Bli+1,0) < B(i,a))]

a<0p < a€fand e and a=<'f.
Using Theorem 6.2.2 with tc(+) yields that £ is polytime. Therefore,
also < is polytime.

Before we can define + on the exponential notations we need a suc-
cessor function S on them. To compute the successor on an exponential

notation we need an auxiliary function F' to manage carries. Therefore,

we simultaneously define for a = 2414 ... F2% € &

Fla) = wm< k(z >0and Vj<k(j > i — a; = g(ajJrl)))
. denf . -1 idSei s qp =0 andi = F(a)
Sl) = ¢

200 L 2% 20 . otherwise.

Clearly F(a) < k = Ih(a) and after proving | S(a)| < |a* 0] we can
use Theorem 6.2.2 together with tc(-) to see that both functions are
polytime.

6.3.1 Lemma |S(a)| < |a*0| < |a| + 4.

Proof: Remember the definition

s*0 = (s0010), = 16-s+ 2,

s*1 = (s0011), = 16-s+ 3,
s* (ai), = ((s*a)li), = 4-(s*a)+2+1i, (i=0,1anda#0)
and
<a’17"' aakaak+1> = <CL1,... 7aki>*a’k‘+1~

First we compute some constant notations and some binary lengths.

Let a = (aj...ax),.

0 = (0, =0
1 = (10), = 2
s£0 — [s*¥0| = [(s0010),] = |s| +4
a#0 — |s*a] = [(s00lailasy...lag),| = |(s00),|+2-|al
2 |al :5=0

Is| +2+4+2-|a| : s #0.
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We start to prove the assertion by induction on a = 214 ... F2% =
(ay,...,ap). Ifk =0, then a = 0, hence S(0) = 20 = 0*0. If k > 0 and
oy, # 0, then S(oz) = (o,...,04,0) =a*0. If k> 0 and oy, = 0, then
let i :== F(«). We have to distinguish the following cases. Let g :=
<a1>--- ,CYi—1>-

If i = k then we observe a = 3*0 and

S(a) = f*1 = B*(10), = (£001110),.
On the other hand we see

a*0 = (6¥0)*0 = (£00100010), > S(a).
If i < k then we find a = ** («;, ... , ). Observe that ®¢(a;) = k—j
for j =1,...,k. Now the induction hypothesis produces
|S(e)| < i *0]. (6.1)
This leads to
[S(@)] = [8*S(a)| = [(800),]+2-|S(ew)]
(6.1) R
< |(B00); | + 2 |o; * O]
| (800): | +2- (Jou| +4) = |(800):] +2- || +8

and
a*0] = |(8"* (i, ,ax)) * 0|
> 8% (0, 0,0)] = |((8% i) *0)*0]
= [B%ail +8 = [(800); [ + 2 [ou| +8.
These two estimations together show | S(a)| < |a*0). O

We define the preaddition pa(-,-) which computes a + 27 by

DO«
<
DO«

af 2P ck=0o0r 3 < a
a1 JPeim1 J9S() s ap = (3 and i:=F(«)
pa (?al—f—...—T—Q“k*,5> *ap o <8

DO«

pa(a, 3) =

where a = 2°14 ... $2%. In the next lemma we will see that pa(-,-) is
polynomially bounded. Therefore, we can apply Theorem 6.2.2 together
with the following polytime course function initseq(-) to observe that

pa(-,-) is polytime.

initseq({ay, ... ,ar)) = {{a1,... ,a5_1),...,{a1), ().
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6.3.2 Lemma |pa(a, )| < |o|+2-|6] + 8.

Proof: We use induction on o = 2+ ... F2% . If k = 0 or 5 < ay,
then
[pa(e, B)] = |a*B] < |af+2+2-[8]+2.

If ap = 3 then let i := F(a) and observe using v := 214 .. J2%-1
[paa, B)] = |y*S(ai)| < [(700)s |+ 2+ (Jas| +4)
= |(700), | +2- || +8 = |y ay| +8
< lal+2- 18| +8.

Otherwise, the induction hypothesis (i.h.) shows

| pa(a, B)] | pa(2%14 ... F2%%1, 3) * oy

|pa(2°F ... F2%-1 3)| + 2 + 2 - max(|ag|, 1)

~

ING

12093 1301 42 B + 84 2+ 2 - max(|ag], 1)
= lof+2-[8+8.

Now we are able to define by limited recursion
aF(2%F . 32%) = pa(...pala,B1)...,0)
which is limited because
la+ 8] = |pa(...pa(a,B1)...,0)]

< la|+2- |61 +8+...+2-|3]+8
< Jal+ 181481 < lal+9-15]

Therefore, + is polytime.

Finally we want to observe that
Te(n) = ®¢ *(n) = 7the unique a € £ with ®g(a) = n”
is polytime. By limited recursion on o = 21§ ... F2* we define
fla) = 2501 158
and compute

If(@)] = 2-|S(e)|+2+...+2+2|S(ay)|
< 2-(log|+4)+2+... 4242 (Jag| +4)
= |la|+8-k < 9-|al
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f is polytime and it satisfies ®¢(f()) =2 Pg(a). Using f we define,

this time by limited recursion on notation,

With the next lemma we obtain that T is polytime.

6.3.3 Lemma |Tg(n)| < 8- |n|”.

Proof: We use induction on n. If n = 0, then |T¢(0)] = |0] = 0 =
8-10[*. If n = 1, then |Te(1)] = |i| = 2] = 2 < 8- |1]>. For the

induction step we consider (ni), with i = 0,1 and n > 1. We estimate

Te((ni),)] < [S(f(Te(m))| < |f(Te(n))| +4

< |Te(n)| +8-|n|+4
i.h.
< 8-|nf*+8-|n|+8 < 8-(In|+1)* = 8- (ni), |".

O

Altogether we have seen that the predicates £, < and the functions
+,2 and T¢ are polytime.
Finally we prove that the predecessor function on the exponential

notations
X 0:a=0
P(a) := -
0 :for that § with 4+ 1 =«

is not a polytime function. We can show
6.3.4 Theorem P is not polynomially bounded.

Proof: Obviously \QTE(H) | > 1 for n > 0, hence

)| = [Te(2" = 1)
= |Te(2" ' +...+2°
> 2.p > 2",
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On the other hand we compute ]QTs(n) | =2 |Te(n)| <16 - |n>. If P
would be polynomially bounded then there has to be some monotone
polynomial p(z) with | P(z)| < p(|z|). But then

2 < PR < p(127™ ) < p(16 - nf?)

which yields a contradiction for large n. O



Chapter 7

Bounded Predicative
Arithmetic (BPA)

In the introduction we motivated that if the aspired Dynamic Ordi-
nal ®g(a(x)) of a theory is not close enough to x (i.e., eventually
$g(a(z)) > 27) then we have to assume the existence of a value a
which bounds all exponential notations below «(z). This value is not
allowed to bound the length of an induction — otherwise this would in-
fluence the Dynamic Ordinal in a way that a in general cannot bound
all exponential notations below this Dynamic Ordinal. Thus, from the
point of view of induction, a has to be impredicative.

In [5] BELLANTONI and COOK made observations which are related
to this. They presented a new recursion theoretic characterization of
the polytime functions and considered functions with two kinds of ar-

guments:
f(&:d)
/N

normal safe

The difference between the two sorts of arguments is that a value in the
normal position can be used to do binary recursion up to that value.
In the safe position you are "safe” to use impredicative values which
come along as the intermediate values of a recursion.

We will capture in the formulation of bounded predicative arith-
metic the idea, that the individuals are divided into a predicative and
an impredicative part at which only the predicative values are allowed

to bound induction.
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7.1 The language

The individual universe I of a structure S for bounded predicative arith-
metic contains a sub-universe I, of predicative values, i.e., 0 # I, C I.
I, is closed under the polytime functions from the finite set 7?7 which

is given by
{0,S,+, -, |z, L%xj,x#y,x -y, MSP, LSP}

and under the polytime functions from the finite set F* which is given
by
{S, So, S1,
* KX first, last, truncy, trunc,, 3, 1h,
0,1, 2+, 2%+ 2 2, Te(z)}.
Furthermore, [, is closed under some weak form of induction.

Not much structure is assumed for the impredicative part of the
individual universe /. Only some arithmetical connections are given on
the impredicative part between the graphs of the polytime functions
from the set F°.

Notice: We do not assume that any function is total on I.

Keeping this picture in mind we define a formal language Lzpy
which is a TAI1T-style language of first order logic with equality con-
taining

e two sorts of individual variables: predicative ones which are de-

noted by xg,x1,..., x,y, 2, ..., and impredicative ones which are
denoted by ag,ay,..., a,b,c,.... Thus, an assignment & for S
of the variables satisfies ®(x) € I, and ®(a) € I. Actually we
think of four sorts of individual variables: two for free and two
for bounded variables - but we will not use a special TEX-Font
(like Gothic or perhaps Klingonic) to distinguish between the free

and bounded ones.
e logical symbols =, #, A, V,V, 3
e nonlogical symbols:

— a function symbol f with arity ar(f) for every polytime func-

tion f € FP U F'. We think of f living in the predicative

I;r(f)

universe, i.e., £ — I,,. Formally this will be expressed

in the definition of terms.
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— for each ar(f)-ary f € F' two (ar(f) + 1)-ary predicate
symbols, Gy for the graph of f and G§ for its complement.

These predicates speak about the whole universe I, i.e.,
ng C Iar(f)+1’ g}ccS — Iar(f)Jrl \ ng'

— for each ar(P)-ary P € P := {<,Bit,Seq, &, <} two pred-
icate symbols of arity ar(P), P for P and P€ for its comple-

ment. Again these predicates speak about the whole uni-
verse I, i.e., PS C 2(P) peS — jar(P) \ pPS,

e auxiliary symbols (,).

Sometimes we want to have an extended language Lpzp,(X) contain-
ing additional set variables, denoted by X, X1,...,Y, Z ..., and the
binary predicates €, ¢ as logical symbols. Then ®(X) C I and €9 is
the usual ”element”-relation.

In the sequel we will write < and < instead of < resp. <° For
the rest of this chapter we fix Lzp, resp. Lgpa(X) as the underlying
formal language. It will be clear from the context which of both is
considered.

The predicative variables are often called normal, the impredicative
ones safe. We use ¢ as an individual variable if we do not care about
its sort.

The normal variables range over I, and the safe variables over I.
We inductively define the predicative or normal terms respecting these

different meanings by:
1. Normal variables are normal terms

2. If f is a sign for a polytime function f € FP U F! and t1,... ,t,

are normal terms, then (f¢;...¢,) is a normal term.

A term is a normal term or a safe variable.

As the predicates are intended to speak about the whole universe
I we can define formulas in the usual way starting from the atomic
formulas using the terms'. The characteristic feature of a TAIT-style
language is that negation is not a logical symbol but can be defined

as a syntactic operation — according to the DE MORGAN-laws?. With

LCf. Chapter 3.
2(f. Chapter 3.
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FV (F') we denote the set of all free variables, with nFV (F') that of
all normal and with sFV (F') that of all safe variables that occur in F.
We use <, —, «, etc. as defined symbols®. A term or formula which
contains no normal variables is called predicative ground.

Notice: The only predicative ground terms are the ground Lgp4-
terms and the impredicative variables.

We can interpret each term ¢ in & under ®. This yields a value
t3[®] € I. Furthermore, if ¢ is a normal term then ¢°[®] € I,. Thus,
also the Lpzp,-formulas are interpretable in & under ®. With N we
mean the standard model of the natural numbers which consists of the
identical predicative and impredicative part w. The interpretations of
the other non-logical symbols are given in Appendix A. We shortly
write N F F,[n] instead of N F F[®] for some ¢ with ®(p) = n if
FV(F) € {¢}.

Bounded quantifiers and bounded formulas play an important role

in bounded arithmetics. We abbreviate

VosuA(p) = VYolp<u— Ap)]
JouA(p) = Tplp<un Alp)]
Vo<uA(p) = Vesulp <u— A(p)]
Jp<uA(p) = Fp<ulp <u A A(p)]

and call these quantifiers bounded. A formula containing only bounded
quantifiers is called a bounded formula. We call a bounded quantifier
normal if the bounding term u is normal. We call a normal bounded
quantifier sharply bounded if the bounding term wu is of the shape |u/|.
We call a bounded formula normal (resp. sharply bounded) if all quan-

tifiers occurring in it are normal (resp. sharply bounded).

7.2 The theories

We define the set of predicative bounded formulas PBF as the set of
all bounded Lzp -formulas whose quantifiers respect the ontological
meaning of normal and safe variables. E.g., a normal variable bounded
by a safe variable yields in some sense an unbounded quantifier over

the predicative part.

3Cf. Chapter 3.
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7.2.1 Definition PBF is inductively defined by the following clauses.
1. All atomic Lgp4-formulas are in PBF.
2. PBF is closed under A, V.

3. If A € PBF, x is a normal variable and t is a normal term, then
Jx<t A and Vx<t A are in PBF.

4. If A € PBF, a is a safe variable and s is a term, then da<s A and
Va<s A are in PBF.

Let PBF(X) be the obvious extension of this definition to Lgp4(X)-

formulas.

In PBF we distinguish special sets of formulas PX>, PTI> and PAp.

7.2.2 Definition 1. PA} = PYX{ = PII{ is the set consisting of all
sharply bounded PBF-formulas.

2. PIIP 41 s the set of PBF-formulas of the form
Vai<sy ... Vay<s,Va<t A(aq, ... ,a,, )

for some terms sy, ... ,s,,t and A € PY.2.

3. pZELH is the set of PBF-formulas of the form
Jday<sy ... Ja,<s, Jr<t A(ay, ... , ap, )

for some terms sy, ... ,sp,t and A € pH'TDL.
Let PYl i= |J,c, P2l and PII, = J, . PII. Again let PX0(X),
PIIP(X), PAQ(X) be the obvious relativization of this definition to
L gpA(X)-formulas.

Notice: Formulas from PX] etc. are always strict.

In order to develop the relevant theories we first state some axioms.
Let PBASIC be a finite set of defining axioms for the non-logical sym-
bols of Lzp, (an axiom will be a propositional combination of atomic

formulas), i.e.

e axioms for the functions in F? like the set BASIC from [6] plus
some more. These axioms are formulated with normal variables

as the functions live in the predicative universe.
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e axioms for the predicates in P¢ and for the graphs of functions in

F* (such an axiomatization is given in Appendix B)

e for each f € F' axioms of the form

Beside this we need several induction axioms. Let

Ind(F,y,z) = F,(0)AVy<x(F — F,(Sy)) — F,(z),
PInd(Fy.x) = F(0) Avy<s (Fy(LLyl) — F) — Fy(a).
Let |z|, i= z and ]x\mﬂ := |(|z|,,)|. We obtain several axiom schemas
for ¥ C PBF:

U-Ind := {Ind(F,y,z):F e U}
U-Lind := {Ind(F,y,|z|): F € ¥V}
U-LLInd := {Ind(F,y,||z||): F € ¥}
U-L"Ind = {Ind(F,y,|z|,): F e ¥}
U-PInd := {PInd(F,y,x): F € ¥}
U-PLInd := {PInd(F,y,|x|): F € U}
U-PL"Ind := {PInd(F,y,|z|,): F € ¥}

In particular the following theories will be of interest:

PR} := PBASIC + P -LLInd

PSy := PBASIC 4 PX -LInd

PT? := PBASIC +PXP-Ind
PRZ(X) := PBASIC + X (X)-LLInd
PSI(X) := PBASIC + PXP(X)-LInd
PT2(X) := PBASIC +PXP(X)-Ind.

Let 7T be a theory PBASIC+ some induction schema, then this induc-
tion schema is also written as 7-Ind. We will often omit to mention
PBASIC when we speak about theories, e.g., we will say ®-L™Ind in-
stead of PBASIC 4 &-L™Ind.

Notice: We have Ind(F,z,t) € PX2 for F € PX? and normal ¢, and
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Ind(F,z,t) € PX2 (X) for ' € PX2 (X) and normal ¢. The same holds
for PInd.

With an instance of a formula F' we mean a formula which results
from replacing all variables of F' by some terms respecting the sort
(normal, safe) of the variable: normal variables are replaced by normal

terms and safe variables by arbitrary terms.

7.2.3 Definition We inductively define T |- A for finite sets of formu-
las A in the language of 7 by the following clauses.

(AxL) T | A holds if A contains a logical axiom —A, A for some

atomic formula A.

(AxE) T | A holds if A contains an equality axiom of the form
(s=s)or(s=t AN A(s) — A(t)) for some atomic formula

A(p) and terms s, t.

(Ax*B) T | A holds if A contains an instance of an axiom from
PBASIC.

(T-IND) T F A holds if A contains an instance of a formula from
T-Ind.

(A) T FA,FyAF, holds if T A, F, for all i € {0,1}.
(V) T | A, Fy Vv Fy holds if T - A, Fy for some i € {0, 1}.

(V) T | A,V F holds if there is some v not occurring in A, Yo F
with [ safe == 1 safe] and T F A, F,(¢).

) T | A, 3¢ F holds if there is some term s with [ normal
— s normal] and T |- A, F,(s).

(Cut) T | A holds if there is some formula F with T | A, F and
TFA,-F.

7.2.4 Remark The introduced formal derivation systems are complete
with respect to the BPA-models of the universal closure of the under-
lying theory. lLe., let T be the set of all nonlogical axioms occuring in

the previous definition,
T = {F : F is an instance of a formula from PBASIC U 7-Ind},

then the truth of F in all BPA-models of T implies T |- F.



64 CHAPTER 7. BOUNDED PREDICATIVE ARITHMETIC

The introduced systems allow partial cut-elimination?, i.e., the cuts
can be reduced to formulas of the complexity of the axioms which are
PYP (X)-formulas.

Furthermore, we obtain a normal form for derivations. Let 7 be a
theory formulated in L5354 and A a finite set of L5p 4-formulas. Then
we can show that 7 | A iff A is derivable in the restriction of the cal-
culus defined in 7.2.3, in which the cut-formulas are restricted to PX] -
formulas and only (V)-inferences eliminate variables. The last-metioned
means if A;, i<k == I'is an inference according to (A), (V), (3), (Cut),
then FV (A;) C FV (D) for i <k, and if I', F,(¢) = I,V F is an in-
ference according to (V) then FV (I, F,,(¢)) C FV (I', Vo F)U{v}. This
eliminated variable has to be the eigenvariable of the inference. We
call such a restricted derivation a normal derivation. In the following
we only consider normal derivations without particularly mentioning it
(i.e., we write 7 |- A and we mean that A is derivable with a normal
derivation).

This normal form is somehow part of the normal form which Buss
et al. call "a bounded proof which has no free cuts, is in free variable
normal form and is restricted by parameter variables” (cf. [6], p. 77,
Theorem 9). In essential the normal form defined here is that part of
the latter normal form which is needed for the forthcoming.

With help of the following lemma we also obtain normal derivations
of Lp4(X)-formulas for a theory formulated in £5p4(X): no set vari-
able disappears by an application of an inference. Let Fix({a : G(a)})
— or shortly Fx(G(.)) — be the expression obtained from F' by replacing
all occurrences of s € X by GG(s) and all occurrences of s ¢ X by =G (s).
If Fand G are Lgp4(X)-formulas so is Fx({a: G(a)}).

7.2.5 Lemma Let F be an Lyp,(X)-formula and G(a) € PAS(X).
T(X) b F = T() | Fy({a: G(@)})

Proof by induction on the derivation 7 (X)) | F: For the only critical

case, the 7 (X')-Ind axioms, we observe

FeryR(X) = Fx({a:G(a)}) € PIP(X).

ACE. [2).
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We give two consequences of normal derivability.
7.2.6 Theorem Let I' be an Lgp,-formula.
TX)FF = T} F

Proof: All formulas which occur in a normal derivation of an Lgp4-

formula are in Lgp4. O

7.2.7 Remark All formulas which occur in a normal derivation T | F
of F € PBF (resp. F' € PBF (X)) are in PBF (resp. in PBF(X)).
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Chapter 8

Bounded Arithmetic (BA)
and BPA

In this chapter we investigate the relationship between the introduced
theories PY.>-L™Ind, PRy, PSy, PTy, PYP(X)-L™Ind, PRS(X), PSH(X),
PTZ(X) and the usual considered theories of Bounded Arithmetic
sY.P-L™Ind, sR%, S5, T3, s¥P(X)-L™Ind, sR%(X), SH(X), T5(X). For
theories T, T, formulated in the same language 77 C T» will denote
that 75 is an extension of 77 and 17 = T, will denote 7} C T5 and
T, C Th.

8.1 Fragments of BA

Let Ly, (resp. L54(X)) be the sublanguage of Lp, (resp. Lgpa(X))
consisting of the predicative part of Lzp, (resp. Lypus(X)), ie., the
variables g, x1,..., ©,y,2,..., =,%,/A\,V,V,3 and the function sym-
bols f for each f € FP U F' (resp. set variables Xo, X1,...,Y, Z, ...,
and the binary predicates €, ¢). We consider G ,9§ as defined symbols
via G¢(Z,y) i= ((7@=y) and G§(7,y) = (X #y).

Our definition of £, (and therefore also of 3P, ST etc.) differs from
those occuring in the literature (cf. [6, 15]) in so far that we consider an
extension of the original theory S} by definitions. Here £z, contains
finitely many additional function symbols for polytime functions. But,
as BUss has shown in [6], every polytime function is ¥¥-definable in S}
and, therefore, can be used in an extension by definitions, and also in

the induction axioms.
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8.1.1 Definition 1. A} = X} = II} is the set of sharply bounded

L 5 4-formulas.

2. 1P, is the smallest set of L ,-formulas which contains XY and
is closed under A, V, (Vx<t) and (Jz<|t]).

3. XP., is the smallest set of L 4-formulas which contains II?, and
is closed under A, V, (Jz<t) and (Vz<|t]).
We obtain XP(X), TI2(X), AR(X) by relativizing this definition to

L 4(X). Next we define prenex or strict versions of the former sets.

8.1.2 Definition 1. sA{ = sX{ = slI} is the set of sharply bounded

L 5 4-formulas.
2. sIIY, | is the set of Ly ,-formulas of the form
V<t A(z)
for some term t and A € s¥P.

3. s¥r ., is the set of L -formulas of the form
dr<t A(x)
for some term t and A € sIIP.

We obtain sX.2(X), sIT2(X), sAg(X) by relativizing this definition to
Lpa(X).
Notice: s¥° = {F € PYX" : only normal variables occur in F'}.
Similarly for s¥.2(X), sIT® etc.

Let BASIC be the set PBASIC restricted to Lz, (and interpreting
Gy and QJ% in the way described above). The following theories have

special names:
sRy = BASIC + sX-LLInd
Ry} = BASIC + ¥P-LLInd
Sp = BASIC + ¥-LInd
T3 = BASIC + XP-Ind

sR5(X) = BASIC + sX(X)-LLInd
R3(X) = BASIC + XP(X)-LLInd
S3(X) = BASIC + XP(X)-Lind
Ty(X) = BASIC + ¥°(X)-Ind
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Speaking about theories we usually omit BASIC, e.g., we say ®-L"'Ind
and mean BASIC + &-L"Ind.
Let the sharply bounded collection axioms be defined by

BB(F, yo,y1,%0,71) = (Vyo<|zo| )(By1<m1 ) F
— (Jw=SqBd(z1, 20) ) (Vyo<|zo| ) Fy, (B(S yo, w)).

The associated schema is denoted by BB W for sets of formulas W.

8.1.3 Lemma 1. BBsYXP | 7¥P = s¥b”

2.

BBsXP |- "TIP = sI1” O

8.2 Comparing theories of BA

We summarize the connections between the different axioms.

8.2.1 Lemma BASIC proves

1.

2.

Ind(=F,(x ~vy),y,z) = Ind(F,y, )

LInd(F,(MSP(,|2] = y)), y.7) — PInd(F,y,x)

. PInd((Vy<z )(Vu<z )(u<z+1Ay+u<z A F — F,(y+u)), 2, )

— Ind(F,y,x)

Lind(G, z,x9) — BB(F,yo,y1, %0, 1) for
G = (Jw<SqBd(z1,20) )(Vyo<|2o| ) (Yo < 2 — Fy, (B(S yo, w)))

PLInd([(Yya<|xo| ) (3w< SqBd(z1, x0) ) (Vyo<|zo| )
(yQSyOSyQ—I_Z - Fy1(ﬁ(s yO»IU)))];ZaxO) - BB(F7 9079179507551)

Proof: Proofs of 1.-5. can be found in [6]. For 6. let G(z, z¢, 1) be the

formula

(Vyo<|zo| ) (Fw< SqBd(z1, x0) )
(Yyo<|zo| ) (2 < yo <92+ 2 — Fy (B(Syo, w))).

Assume (Yyo<|zo| )(y1<z; )F, then we have

(Vyo<|zo| ) (Fw< SqBd(z1, o) ) Fy, (5(S yo, w)),
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hence G(0, zg, x1).
Now assume G(|5z], 2o, 1) for some z < |xg|. Let y» < |2o|. Then

there are wy, wy < SqBd(x1, o) with
(Yyo<|xo| )(y2 < yo < w2 + L%ZJ — F,, (B(Syo, w1)))
and

y2 + 1+ [52] <|wo] — (Yyo<|zo|)
lys + 1+ [52] <yo <y +1+2- [52] — F, (B(Syo, w2))].

Let w be

<w1,0, e Wi | 1o Wyt | La)410 - 7w27y2+2.\_%zJ+1>
where w; ; = ((j + 1,w;), then by construction
(Yyo<|zol ) (Y2 < yo < yo + 2 — F (B(Syo, w))),

hence G(z,xg,x1). Therefore, we obtain G(|x|,zo,x1) by applying
PLI”d(G(Z>5UO, 3?1), Z, :z:o), thus — choosing ¢, := 0 —

(Bw<SqBd(wy, 20) ) (Vyo<|zo| ) Fy, (B(S yo, w)).

8.2.2 Lemma Let m,n > 0. Let ® be one of s¥°,sII2, ¥P TI* and &

its dual class.
1. ®-L™Ind F =®-L™Ind
2. ®-PL™Ind | ®-L™*'Ind
3. ®-L™"Ind | ®-PL™Ind
4. s¥r. -LInd |- BBsX!
5 % -PLInd |- BBXP
6. sIb, ,-PL™Ind | s¥2-L™Ind
7. I, ,-PL™Ind |- X2-L™Ind

8. Ab-PL™Ind |- AB-L™Ind
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Proof: All assertions except 4. are direct consequences of Lemma 8.2.1.
To prove 4. let F' € SEEH and

G = (Jw<SqBd(z1, x0) ) (Yyo<|zo| ) (Yo < 2 — F,, (B(S yo, w))).
Applying sharply bounded collection yields
BBsIL) 7 (Vyos|ao| ) (yo < 2 — Fy, (B(Syo, w))) € 8327,

hence

BBsIL |- "G € s¥h, 7.
Lemma 8.2.1 5. immediately shows

2P, ;-LInd |- BBsIT)

hence

s¥p . -LInd "G €5, .

Now Lemma 8.2.1 5. proves

SZELH—LInd |— BB(F,yo,y1, To, T1).

We use the last two lemmas to compare several theories:

8.2.3 Theorem Let m,n > 0, then

sIT°-L™Ind = s¥.P-L™Ind
N
sIIP.-PL"Ind = s¥,,-PL™Ind

L™ nd = s¥P LM Ind.

b
sIl n+1

n+1

Furthermore

Sy = Aj-L™'Ind
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sRfp = sIl>-LLInd =  sI2-PLInd =  s¥'-PLInd
R: = IP-LLInd = II>-PLInd = X!-PLInd "2’ sR} + BBsx}
S» = II’Llnd = IP-PInd = XP-PInd "2’ S¢+BBs2®

sII>-LInd = sIIP>-PInd = s¥P-LInd = sX’-PInd C sR3™

N
Ty = IPInd = s¥P-Ind = slP-Ind C S5
I (n>0)

Ty + BBsYP.

These connections directly relativize to Lz ,(X). O

8.3 Comparing theories of BPA
8.3.1 Lemma PBASIC proves

1. Ind(—F,(x ~y),y,x) — Ind(F,y,x)

2. PInd(Fy(ly]),y,x) — LInd(F,y,x)

3. LInd(F,(MSP(z, |z| ~y)),y,x) — PInd(F,y, )

4. PInd((Vy<z )(Vu<z )(u<z+1 Ay+u<z AN F — F,(y+u)), z,x)
— Ind(F,y, )

8.3.2 Lemma Let m,n > 0
1. PYP-L™Ind | PTIP-L™Ind  and
PIIP-L™Ind |- PXP-L™Ind
2. PYP_PL™Ind | PYXP-L™Ind  and
PIIP-PL™Ind |- PIIP-L™*!Ind

3. Py Ind | PYP-PL™Ind  and
PIIP-L™ " Ind |- PIIP-PL™Ind
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4. PIIP, ,-PL™Ind |- PXP-L™Ind
5. PAP-PL™nd | PAP-L™*!nd
We use this to compare several theories:

8.3.3 Theorem Let m,n > 0, then

PIIP-L™Ind — PYP_L™Ind
N
PII, -PL™Ind = PYP . -PL™Ind

PIIP, -L"nd = PP, L™ nd .
Furthermore
PS) = PAD-L™Ind
and

PR} = PII°-LLInd = PII>-PLInd = PX"-PLInd

N

PSy = PIb-Llnd = PI5-PInd = PX5-Pnd C PRy*!
N

PT? = PII-Ind c PSytL

These connections directly relativize to Lgp,(X). O

8.4 Comparing BA with BPA

8.4.1 Lemma PY>-L"Ind is a conservative extension of s¥"-L™Ind.

Proof: By definition £, is a sub-language of £, and s¥2-L™Ind
a subset of PX.>-L™Ind. Thus, PX2-L™Ind is an extension of s¥.>-L™Ind.
To prove that this extension is conservative let v : Lzp,4 — L4 be the
following transformation: x; — 9, a; — x2,;,1, v is identical on the
other symbols of £, and homeomorphic on terms and formulas. An

easy induction on the derivation shows

PYPL™Ind | F = s¥2-L™Ind | F".
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For Ly ,-sentences F we obviously have | FV « F. ad

The arguments directly relativize to Lgp,4(X).

8.4.2 Lemma Let m,n > 0, then PX2(X)-L™Ind is a conservative
extension of s¥.2(X)-L™Ind. O

8.4.3 Corollary Let n > 0, then

PRY is a conservative extension of sRj
PSY is a conservative extension of S
PTY is a conservative extension of 1%

PR (X)) is a conservative extension of sRy (X))

~—

PST(X) is a conservative extension of S§(X

PTH(X) is a conservative extension of TH(X). 0

~—



Chapter 9

Well-ordering Proofs in BPA

In this chapter we transfer the well-ordering proofs of IX? from Chapter

3 to bounded predicative arithmetic theories.

9.1 Formalization of wellfoundedness

In Chapter 6 we defined exponential notations (denoted by a, 3, 7
etc), the predicates £, < and the functions ®¢, Tg, +, 2 operating with
exponential notations. Furthermore, we observed that the predicates
£, < and functions +, 2, T¢ are polytime.

The language Lzp4(X) contains the predicate symbols £, <, Gy,

G5, Gr.. To use exponential notations in formulas we abbreviate

VBAB) = VB (Be&— AB))
IBAPB) = 3IB(BesNAR))
VB < aA(B) = VB (8<a— AB))
A6 < a A(B) = Elﬁ(ﬂ<ozAA ))

(Vu A)' = Vust A’
(FuA)' = FJust A"

For o € € the formula Fund(a, X) i= Fund(<[a, X) as defined in
Chapter 3 expresses the wellfoundedness of < up to o. But Fund(a, X)
has the disadvantage that is contains unbounded quantifiers. These

quantifiers can be bound because there is some a € w such that V3 <
a (B < a) as the field(<[«) is a finite set. Then

Fund(a, X) <= Fund(a, X)°.

5
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Therefore, we define

aCX = V3 <a(feX)
Prog(a,a, X) = (Vﬁ <a(fC X —p¢€ X))a
Fund(a,a, X) = Prog(a,a,X) — (a T X)".

Observe that PBASIC proves Fund(a,a, X) € PX5(X) which means
that there is some G' € PYX5(X) such that PBASIC | Fund(a, a, X) <
G. (Xla) N (a x a) is well-founded, hence N E Fund(a, o, X).

In general N F Fund(a,a, X) only states the wellfoundedness of
(<] a) N (a x a) and does not express that <[ a is well-founded. To
obtain the latter we need some a with (<] «) C (a x a). Usually
we cannot take a to be a, because there is some a with (<[ a) ¢
(axa), e.g. Te(T)N = 260322 and Te(8)" = 65198 (27"

function, hence polynomially bounded, thus there are unbounded many

is a polytime

such a!). We formulate (<] a) C (axa) in a bounded formula of £zp 4.
Then, assuming that a and « satisfy that formula, N F Fund(a, o, X)
expresses the wellfoundedness of <[ . Also we express that the graphs
G; for f € F' define a total function on a#/. We do this by

Big(a,b,a) i= 1<aAha<an [\ Vé<aId<bGy(c,d)
feFt
AVPB<aVv<aVo<b ([G1(3,7,0) V G5(B,0)] Ad 2o — & < a).

Observe that PBASIC proves Big(a,b,a) € PII5. Obviously we have
for « < g and « < (§ that Big(a,b, ) — Big(a,b,a). The next lemma
shows that Big(a,b, «) has the intended meaning.

9.1.1 Lemma In the standard model N we have
1. Va3a 3b Big(a, b, «).
2. Big(a,b,a) = <la Ca X a.

Proof: Let a be given. Then field(<[ «) is finite, thus there is some
a > max{1,a} such that <[a C a x a. Now F’ contains only finitely
many functions which on finite domains take only finitely many values.
Thus, there is some b so that Vf € F' V¢ < a(f(¢) < b). Obviously a
and b satisfy Big(a,b, a). Thus, we have shown the first assertion.
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To prove the second one we set

T (X) == XU{0Ju{d=<a:3p,7eX(6=2" ord=p+7)}

e Ut

k<n
I o= T.(I5Y)
L = I3 = [ JI.

Then I', is a monotone operator, hence inductive, and I, is the smallest

fixed point of I',,. 1, satisfies

lo={3:6=a}

because obviously I5" C {f : § < a} for all n by induction on n. On

the other hand we can show
Vi Ladnp el

by induction on <[ (o + 1). Let § < a. For § = 0 we know 0 €
[o(0) = I'. Otherwise, there are some 3y < ... < By < [ with
B = 2%F .. F2%. The induction hypothesis yields some no, ... ,ny
with ; € 1. For n := max{n; : ¢ < k} we obtain (3; € I7, hence
% ¢ [ hence € ["TF+L, O

In Lemma 6.3.3 we have shown that [Te(z)| < 8- |z|* < 8- |z # x|,
hence Tg(z) < (z # x)8. Therefore, we compute for o < Te ()

a < (Bg(a) # Pe(@)® < (z#1)°.

Let s(z) := SqBd(z, (|x| # |z|)®). As F' is a finite set of polytime
functions we can find some ¢(z) for s(z) such that

VfeF viss(z) (f(7) < t()).
Thus, we have shown

9.1.2 Lemma There are terms s,t with FV (s,t) C {x} such that
Nk Vx Big(s,t, Te(x)). O

If, in the following proofs, we assume Big(a,b, o) then we can use

f € F' as a function on the arguments c;, . .. , Car(f) < a. But we have
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to pay attention if an informal argument involves induction (because in
this case the argument depends on the complexity of some formulas).
This will be the case only when we come to Theorem 9.3.2.
Sometimes it will be convenient to consider an extended language
Lppa(X, F") of Lzpa(X) in which the function symbols f for f € F°
have arbitrary arguments - predicative and impredicative ones. In or-
der to obtain from Lgp (X, F')-formulas F an Lgp 4(X)-formula such
that the universal closure of this formula is equivalent to the universal
closure of F' in the standard model we define the transformation elr:.

Felri is the result of applying

GIE(5)] = Gy(5 dys) — Gldys)

for f € F', § € Lyps(X) which contain only variables which
are not under the scope of a quantifier in G, £(5) ¢ Lzp4(X)
and dyz a new impredicative variable for G[f(5)]

2

as often as possible to F'. (Read ”: =7 as ”is replaced by”.) To make
this transformation well-defined we assume the applications to be or-
dered, e.g., we apply the rule always to the leftmost position in the
string.

Notice: If t € Lyp,(X,F*) contains no safe variables then t €
Lppa(X).

To give an example we compute the result of el as used in the

assertion of Lemma 9.2.1:

[Big(a,b,a) — Prog(a,a +1, Pre(a))|'s
= Gila, 1,¢) A Big(a,b,a) — Prog(a,c, Pre(a))

9.2 What PBASIC can prove

As we have seen in Chapter 6 the predecessor function P on & does
not have polynomial growth rate. Thus, we do not have a predecessor
for all exponential notations. The set of all exponential notations for

which some predecessor less than a exists is defined by

Pre(a) i= {8:3y=a(G1(v,1,8) v B =0)}.

Observe that Pre(a) € PX?. Assuming Big(a,b, o) we can show that
this set is progressive. Thus, Big(a,b,a) and Fund(a,a+ 1, Pre(a))
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imply that for all exponential notations § with 0 < 8 < « some prede-

cessor of 3 exists.

9.2.1 Theorem
PBASIC } [Big(a,b,a) — Prog(a,a+ 1, Pre(a))]¥ .
Proof: We argue in PBASIC. Assuming Big(a, b, «) and

f<a,B<adl, (9.1)
(ﬁ C Pre(@))a, (9.2)

3 # 0, we have to conclude 3y < a(f = v+ 1). First we observe 3 = a.
Using the axioms we obtain some &,1 € £ with &, < B and 3 = £+27.
We keep in mind that £ <a and £ < (3 < a.

If n=0 then we are done. Otherwise, 0, n<3<a and n < 2" <3,
thus using (9.2) we obtain some ¢ < a with n = ¢ +1. Then ¢ < 1,
hence 3° < 2" = [ = «, thus Big(a,b, ) yields 5 <a. Applying (9.2)
yields some v < a with 5 =v+1. Now we have to compute v :=
(§—T—QC)—T-I/§a and y+1= 4.

As &, 5° <a and &, 5° = « we obtain £ + 5¢ <a using Big(a, b, o). We
compute

(€199 19 =@ 19y =129 V19" =5
hence §—T—QC < (f—T—QC)—T—QC =3 <a Thisandv<a, v <v+1=
5° = « together with Big(a, b, o) imply v = (£ + QC) +v<a. We finally

compute

(wil)=(+242° =5

+>

yHi= (42

We want to prove Fund(a, Qa,X) from Fund(a,o,Y) where Y is
the set of all exponential notations § =< a such that we can jump from
v C X to ’yjﬁﬁﬂ C X. This Y is called the jump of X and is defined
by
‘]p(aa a, X) = {B : 6 =aA (VPYV(SO v61 v52 (gﬁ(ﬂ7 50) A gjr(ﬁ)/: 507 61)

N gg(oz,cb) A0 =0y ANy C X —6, C X))a}
Observe that PBASIC proves for A(b) € PIID_,

Jp(a,a, A())) € pHEH.
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9.2.2 Lemma

PBASIC | [Big(a,b,2") A Fund(a, o, Pre(a)) A
Fund(a7 «, Jp(aa a, X)) — Fund(a, Qa, X)]ezfi .

Proof: We argue in PBASIC.
Assuming Big(a, b, Qa), Fund(a, «, Pre(a)), Fund(a,a, Jp(a,a, X))
and Prog(a,2”, X) we obtain with the following Lemma

Prog(a,a+1, Jp(a, o, X)), (9.3)

thus also Prog(a, a, Jp(a,a, X)). With Fund(a, o, Jp(a, o, X)) we see
(a C Jp(a, a,X))a, so an application of (9.3) yields

a € Jp(a,a, X) (9.4)

« A

as a < a -+ 1. We observe (0 C X)" and 042" =27, s0 (9.4) produces

A

2 CX

and we are done. O

9.2.3 Lemma

PBASIC |- [Big(a,b,2") A Fund(a, o, Pre(a)) A
Prog(a,2”,X) — Prog(a,a+1, Jp(a, a, X))},

Proof: We argue in PBASIC.

First we assume Big(a,b,2") and Fund(a,«, Pre(a)). As o < 2° and
a<2" we obtain Big(a, b, @), hence Prog(a,+ 1, Pre(a)) by Theorem
9.2.1. By Fund(a,a,Pre(a)) we obtain (a T Pre(a))®, thus using
Prog(a,a+ 1, Pre(a)) again yields

(V8= a(0<5—IB=7+1))" (9.5)

Now we assume
Prog(a,2”, X) (9.6)
f<a,fRa (9.7)

(BT Jp(a, o, X))* (9.8)
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and have to conclude 5 € Jp(a,a, X). Therefore, we assume
~ af N1 a
v<anv+2 22, (yC X) (9.9)
and now have to show that (’y + 5’ CX )a. To do this we assume
§<a,6<y+9 (9.10)

and derive § € X.

We distinguish several cases:

B =0: 8 <~y With (9.10) 6 < a we can use (9.9) to see § € X.

§ 4 ~: Using (9.10) we observe v < § < v 41, hence § = v and
we see from (9.9) 6 < a,8 < 5+1 <27, (6 C X)". Now we
can apply (9.6) to derive ¢ € X.

B > 0: First we use (9.7) and (9.5) to obtain u < a with 8 = u+ 1. So
=B, <aand (9.8) shows

p € Jpla,a, X) (9.11)
9)v<a (yvC X)a, yF2 < v—FQﬁ < 2" we can

Rewriting (9.
,b,2%) to obtain v+ 2" < @ and (9.11) to obtain

use Big(a

(v+2"c x)". (9.12)

Now we observe

hence § € X by (9.10).

It is surprising that in contrast to the well-ordering proof of IX? the
previous lemma is provable without any use of induction. The reason

for this difference is that in the well-ordering proof of IX2 we use

Y+ Cc X = Vhkcwly+w’ kCX)
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for ordinals /3,y less than gy and then show v+ w? -k C X by induction
on k. Here, in the view of exponential notations (3, y, we know

v 1" c X = V<2 127 Te (k) € X)

thus we can prove 7 + 5+ C X in two steps from v C X.
Next we observe that in the previous lemmas we could have used

arbitrary abstraction terms of £gp4(X) instead of X.
9.2.4 Lemma Let A(a) be a formula, then
PBASIC | T' = PBASIC | T'x(A(.)).

Proof: We use induction on the derivation. The only interesting
case is an equality axiom s # t,s ¢ X,t € X C I'. But we obtain
PBASIC | s # t,~A(s), A(t) by induction on the generation of A. O

We want to define the iterations of the jump operator by

Ipola,a, X) = X
‘]pk—i-l(a?a?X) = Jp(a7oz,ka(a7Qa7X))

but the second equation does not define an £pp,(X)-formula as 2 is

no Lzp4-term. Therefore, we equivalently set

ka+1(a,Oé,X) = {B : ﬁ j a N\ (‘V/’}/\V/(i()V(Sl \V/(SQ (gg(ﬁ,(gg)
A Gi(7,00,01) A Gs(ar,02) A 01 =< 0o
Ay C Ipi(a, 62, X) — 61 C Jpy(a, 62, X))}

Observe that PBASIC proves for A(c) € PILY,

ka(aa &, A()) € pHE—i—m-‘rl‘

9.2.5 Lemma
J+1
PBASIC | [Big(a,b,2%) A /\ Fund(a, o, Jp,(a, o, Pre(a)))
k=0

J
— /\ Fund(a,2”, Jp,(a,2", Pre(a)))]"=.
k=0
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Proof: We argue in PBASIC and assume

Big(a,b,2) (9.13)
Fund(a,a, Pre(a)) (9.14)
i:o Fund(a, o, Jp(a, o, Jp,(a, 2% Pre(a)))) (9.15)

Using Lemma 9.2.2 and 9.2.4 with the assumptions (9.13) and (9.14)

we conclude from (9.15)

J
/\ Fund(a,2", Jp,(a,2°, Pre(a))).

k=0

9.2.6 Theorem PBASIC proves

Fund(a, Te(z), Jp;(a, Te(x), X))
A /\f;l0 Fund(a, Te(z), Jp,(a, Te(z), Pre(a)))
A Big(a,b,2;(Te(z))) —  Fund(a,2{(Te(x)), X).

Proof: We argue in PBASIC and assume

Fund(a, Te(z), Jp;(a, Te(x), X)) (9.16)
Z_:lo Fund(a, Te(z), Jp,(a, Te(z), Pre(a))) (9.17)

and Big(a,b,2;(Te(x))). The last assumption yields
Vi<i Big(a,b,2;(Te(2))).
Thus, we obtain from (9.17) by successively applying Lemma 9.2.5
Fund(a,2,(Te(z)), Pre(a))
for k=0,...,i — 1. Using this, Lemma 9.2.2 and 9.2.4 yield
Pund(a, 3(Te(x)), Jpy_(a 24(Ts(x)), X)) —
Fund(a, 2441(Te(2)), Jpi_(ugr) (@, 2501 (Te (), X))
for k=0,...,7— 1, hence by (9.16)

Fund(a, 2;(Te(x)), X).
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9.3 Proving foundation by induction

9.3.1 Lemma Let p be a monotone polynomial and B € pZEH(X) U

PIIY ., (X), then
PY.P (X)-L™Ind | Ind(B,y,p(|z,,))

Proof: The monotone polynomials in |z| , MP(|z| ), can be defined

inductively by
1. 0 € MP(|z],,)
2. IF p € MP(|z|,,) then (p +1) € MP(|z|,,).
3. If pe MP(|z|,,) then p- |z| € MP(|z],).
We prove by induction on this generation
Vpe MP(le|,) VB el (X) PEb, (X)L nd |- Ind(B,y.p).

then Lemma 8.3.1 1. yields the assertion. In case 1. the assertion di-
rectly follows. Arguing in PX" 41(A)-L™Ind for the second case we as-
sume B € X0 (X), B,(0) and

Vy<(p+1)(B — By(y +1)). (9.18)

By the induction hypothesis B(p), hence B(p + 1) by 9.18.
In the third case let B € PXP,,(X). Arguing in PXP, (X)-L™Ind

we assume B, (0) and
Vy<p - |z|,, (B — By(y + 1)), (9.19)
then we have to show that By(p - |z|,,). Let
C = By(y-lal,,) € "X (X).

The induction hypothesis yields Ind(C,y,p). Now C,(0) < B,(0) and
Cy(p) = By(p-|xl|,,), thus it suffices to show that

Vy<p (C' — Cy(y + 1)). (9.20)

Let D := B,(y-|z|, +2) € PX_ ,(X). In order to show (9.20) let y<p
and assume C|, that is D,(0). From (9.19) we obtain

Vz<|z| (D — D,(2+1)),
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thus PY.0, (X)-L™Ind proves D, (|z|,,), but this is

By(y - x|, + |2l,,) < By((y +1) - |x],) = Cyly +1).

9.3.2 Theorem PBASIC proves
Ind(ly <o — (Te(y) © X))y, ) — Fund(a, Te(w), X).

Proof: Let B(y) i= y <z — (Te(y) C X)* We argue in PBASIC.
Assuming Ind(B(y),y,x) and Prog(a, Te(z), X) we have to show that
(Te(z) © X)“, thus it suffices to show that B(z) holds. We do this by
induction on y in B(y). Because T¢(0) = 0 and —a < 0 holds for any
a we obtain B(0).

Now assume B(y). We want to conclude B(y + 1), thus assuming
y+1 <z a<aa<Te(y+1) = Te(y) & 1 we have to show that a€ X.
If & < T¢(y) this is obtained by B(y). Otherwise, a = Te(y) < Te(z).
From B(y) we know (Te(y) C X)“, hence Prog(a, Te(z), X) yields
a € X, hence B(y +1).

Now Ind(B(y),y,x) yields B(zx). 0

Observe that PBASIC proves for A(b) € PII},, (&)
[y <@ — (Te(y) C A())"] € PIR, ().
We abbreviate
BigFun(a,b,a, X) := Big(a,b,a) — Fund(a, a, X)
and observe that PBASIC proves BigFun(a,b,a, X) € PL5(X).
9.3.3 Theorem Let p be a monotone polynomial and m,n > 0, then
P, (X)L Ind |- BigFun(a, b, 2,(Te(p(|2],,), X).

Proof: We have Jp, (a, Te(p(|7|,,)), X) € PIIL_,(X) as remarked be-

fore and

Ipi(a, Te(p(|z],,)), Pre(a)) € pH’]rDH-l
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for k = 0,...,n — 1 as Pre(a) € PX}. By Theorem 9.3.1 we ob-
tain P, () L™nd F Ind(B(y), y, p(Jz],,)) for all B(y) € PIT%, (%),
hence by Theorem 9.3.2

PY, 1 (X)-L"Ind | Fund(a, Te(p(|z],,)), Tpi(a, Te(p(|2l,,)), Pre(a))]
for all £ < n, and
PY 1 (X)-L"Ind | Fund(a, Te(p(|z],,)), Jp,(a, Te(p(|z],,)), X)].

Now Theorem 9.2.6 yields the assertion. ad

Let X(d) i= {y : Bit(p,d)}. By Theorem 7.2.6 and the preceding

Theorem we obtain
9.3.4 Theorem Let p be a monotone polynomial and m,n > 0, then

PEn-L"Ind | BigFunla, b, 2,(Te (p(|2,,))), X (d)].



Chapter 10

A Semi-formal System for
BPA

In the first part of this thesis from Chapter 3 to Chapter 5 we have in-
vestigated the truth complexity tc(F) of Il{-sentences F of L, . With
the Boundedness Theorem 5.2.5 we observed that in some special cases
tc(F') is connected with the meaning of F': if I states the wellfounded-
ness of some relation < then the order-type of < is bounded by tc(F).
Thus, the estimation of the truth complexity yielded a characterization
of the sentences provable in the fragments IXY of Z;.

In the present Chapter we will develop a suitable machinery to ex-
amine similarly fragments of BPA. As the definition of the truth com-
plexity of TI{-sentences bases on semi-formal systems we first define a
semi-formal system for BPA and try to find a notion like the truth com-
plexity for BPA which enables us to characterize the sentences provable

in fragments of BPA.

10.1 [P and the semi-formal system BSF”

We begin with a definition of a predicative version of the infinitary
language L. The basic symbols of L? consists of the logical symbols:
ag,at, ..., Xo, X1,---» N\, V,¥,3,=,#, €, ¢, and the same non-logical
symbols as Lzp,. The terms of L are the predicative ground terms
of Lgp, (i.e., the ground terms of Lzp, and ag,aq,...). The atomic
formulas of LP are the predicative ground atomic formulas of Lgp,.

With these all £P-formulas are generated by:

87
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If 0 <n < wand (A;)<, is a sequence of LP-formulas then
Ni<, Ai and \/,_, A; also are LP-formulas. And if A(a) is
an_ﬁf,—formula and s is a predicative ground Lzp 4-term then
Va<s A(a) and Ja<s A(a) are LP-formulas.
Similar to Chapter 4 negation is not a logical symbol but can be defined
as a syntactic operation. We define the canonical translation *, of the

predicative ground formulas in PBF(X) to £P by:
1. F*» := F if F is an atomic formula

2. (F(]/\Fl)*p = /\iSI Fi*p,

w

(Fy V)t oi= \/igl E?,

e~

(Vast F(z))" = A,op F(n)™,
5. et Fa))™ = Vyop Flw),
6. (Vass F(a))™ := Ya<s F(a)™,
7. (Jass F(a))™ = Jass F(a)™.

For case 4. and 5. in this definition remember that = assigns a normal
variable, thus ¢t has to be a normal term by the definition of PBF(X).
Therefore, t is predicative ground by the assumption that the translated
formula is predicative ground. But this means that ¢ is ground, thus
we can compute t.

For I' C PBF(X) we define I'*» := {F*» : FF € T'}.

We define the predicative rank prk(F') and the predicative length
plh(F) of a LP-formula F'.

10.1.1 Definition For F' € LP we define
prk(F) := min{n: F € PX>(X)» UPII>(X)*>} U {w}.

We will often compute upper bounds. These bounds should be
monotone Lgp 4-terms. To obtain this we can define a meta-function o
which assigns to each Lgp4-term ¢ a monotone L4p 4-term olt] in the
variables T of ¢ satisfying VZ (t < o[t])!. Substituting a monotone term
into another monotone term yields again a monotone term. Therefore,

it suffices to associate some monotone term to each polytime function.

LCf. [6], p. 77.
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This can easily be done because every polytime function is polynomially
bounded and to each monotone polynomial p(Z) we can find a term
t, which is build up form 0,# and the variables & of p and satisfies
p(17) < Ity

Let the length of ' € PAR(X)* be defined as in Chapter 5. We
will immediately define the predicative length plh(F) for F' € PBF(X)
which will be a monotone £ p 4-term in the normal variables of F'. The
binary length of this | plh(F)| will bound the length of all PAf(X)-sub-
formulas of F (i.e., the number of atomic formulas in the x, translation
of every PAL(X)-sub-formula of F).

10.1.2 Definition Let F' € PBF(X). We inductively define plh(F')
by the following clauses:

1. If F is atomic, let plh(F) := 1.

2. If F = GoH, o€ {AV}, et
plh(F) :i= 2 plh(G) - plh(H).

3. Assume F = Qx<t A(z) with @ € {V,3} and x normal. Let
s i= plh(A),(o[t]). If F ¢ PAJ(X), let plh(F) = s. Other-
wise, there is some Lgp, -term t' with t = |t'|. Let plh(F) =
s#o[S1(t)).

4. If F = Qa<s A(a), Q € {V, 3} and a impredicative, let
plh(F) i= plh(A(a)).

Observe that plh(F') is a monotone Lgp4-term in the normal vari-
ables of the formula F' € PBF(X'). Therefore, if F' is predicative ground
then plh(F') is a ground term.

The following lemma shows that plh(-) has the intended meaning.

10.1.3 Lemma Let F' € PBF(X) be predicative ground.
1. If F ¢ PAY(X) then
F = GyoGy = |plh(F)| > |plh(G;)| for <1
F = Qu<t A(r) = |plh(F)| > |plh A(n)| for n <tV
F = Qa<s A(a) = |plh(F)| > | plh(A(t))]

for any term t

2(f. Chapter 2.
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2. If F € PAJ(X) then

F atomic = |plh(F)|=1
F = GyoGy = [plh(F)|= | plh(Go)| + | plh(Gy)
F = Quslt|A(z) = [pl(F)|> ) |plhA(n)l

n<tN

Notice: |plh(F)| is an upper bound of the length h(F*») for formulas
F e PAR(X).

Analogous to Chapter 4 we define a semi-formal system ’ }% I' which
has the meaning that there is a finitary proof tree (build up l;y special
rules defined below) with the depth bounded by m, the predicative rank
of each cut-formula strictly bounded by r and the binary length of the
predicative length of each cut-formula bounded by I.

10.1.4 Definition Let m,r,l < w and I' be a finite set of L -formulas.
We inductively define the predicative version of a bounded semi-formal

system BSFP by the following clauses.

(Ax1) p}%l“ holds if I' contains a ground atomic formula which is

true.

(Ax2) p}% I' holds if T" contains a logical axiom —A, A or an equality
axiom of the form s =s, or of the form sy # s1, ~A(to), A(t1) if

s; = t; or st = tY for terms s, ¢, 51, o, t1 and atomic formulas

A.

(AxM) P }% I' holds if I' contains an instance of a formula from the set
PBASIC.

(A\) p}% ', Nic,, Fi holds if there is some m' < m with p}% I, F; for
all 1 < n.

(V) p}% ', Vi<, Fi holds if there is some m' < m and iy < n with
pym/
Tb T, F,.

(V<) p}%f‘,‘v’ags F(a) holds if there is some m' < m and some

impredicative variable b not occurring in I',Va<s F(a) with

pm’
}T—JF,bﬁs,F(b).
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(3<) p}%F,s < t,Ja<t F(a) holds if there is some m’' < m with
pym/
T, F(s).

T

(Cut) "2 T holds if there is some m' < m and some formula F with

Tl

prk(F) < r, | pla(F)| < I and *[2 T, F and "} T, - F.

The basic properties of this system are easily proved by induction

on m:

Structural Rule Let ' C IV, m < m/,r <¢/;1 <, then
pim pm ,
Thr — hr
Equality Lemma Let s,t be ground terms, s = ¢V, then
pm pm
Thr, F(s) = ﬁ L, F(t).
Substitution Rule Let a be safe, s any predicative ground term, then
p%r — p%ra(s).
(\)-Inversion p}% L N\icn Fi = p}%F, F; for all i <n.
(V)-Inversion }— [',Va<t F(a }ﬁ [, s<t, F(s) for all terms s.

(\/)-Exportation p}%f‘,\/ignFi = p}%f‘, Fo,...  F,.

The semi-formal system gives us the possibility to measure the truth
complexity of formulas in PBF(X). Using the method of search trees®
we obtain the following completeness result for predicative ground for-
mulas ' € PBF(X):

NEFF < E|m<wp}%F*1’.

We define the predicative truth complexity of a predicative ground for-
mula F' € PBF(X) by

) p|m .
min{m : F*l g NE F

pte(F) = { Y cif

w : otherwise.

Of course it will be senseless for fragments F C PBF(X) of pred-
icative ground formulas to consider the usual "IIj-ordinal” which is

defined by sup{ptc(F) : F € F}, because if F is non-pathological we

3See, e.g., [17] for an explanation of this method.
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always have sup{ptc(F') : F' € F} = w. Therefore, we consider the dy-

k

namic predicative truth complexity dpte(F, xo, ... ,x5_1): " — w for

true formulas F' € PBF containing no normal variable not in the list

xo,... ,Trp_1, which is defined by

dpte(F, xg, ... ,xx_1) := M. pte(Fz()).

10.2 The embedding into BSFP

In order to investigate the dynamic predicative truth complexity we

. . pm,k . .
need some auxiliary semi-formal system. We define M, }7 I which in

addition to the clauses of p}% [’ consists of the following multi-cut of
at most k PYP(X)* UPIID (X)*r-formulas:

(MCF) MCS}:I—f I', = Fy, F; holds if 0 < j < k and there are some m’ <
m and some F1, ... , Fi such that prk(F;) < n and |plh(F;)| <
[ for + < j and MCS}TZ—’]CF, —F;, Fiyq for i < j.

The following basic properties of the auxiliary semi-formal system

are again easily proved by induction on m:

Structural Rule Let ' Cc I",n < n’,m < m' k < K,r <o, <,
?k /7k/
then Mcf: }—:nl ' = MCS, }—n?l, I'.
9 r?

Equality Lemma Let s,t be ground terms, s = ¢V, then
m,k m,k
MCS}T I,F(s) = MCS}T L, F(t).
Substitution Rule Let a be safe, s any term, then
m,k m,k
Mci}j I = MCE}T Lo (s).

p p

(N\)-Inversion Mc, }:n—lk U N\icn Fi = MG, };n—lk I, F; for all i < n.

(V)-Inversion Mc,li)};n—l’]g [',Va<t F(a) = MCS}T—Z’k I's £t, F(s) for all

terms s.

. pym,k pym,k
(\/)-Exportation mcC, }7 [, Vie, Fi = MG, }7 I Fo, ..., F,.

We connect this auxiliary system with the actual semi-formal system
BSFP.
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m, m-|k
10.2.1 Theorem k > 0 and Mc, [T = "|""" 1.

Proof: We use induction on m. If the last inference is not (MCF) we
obtain the assertion directly (from the induction hypothesis if m > 0)
by the same inference, because Am.m - |k| is strictly monotone. Oth-
erwise, there are some j,m’ with 0 < j < k and m’ < m, and some
Fo, ..., F; with prk(F;) < n, Ih(F;) <[ for i < j and —Fp, Fj € I" such
that

pm/-|k| .
}mF:ﬁFi,FHl fori <

using the induction hypothesis.
Now we proceed using the following strategy, which we picture for

j=T

—Fo, Py —Fy Fy —Fy Fs —Fs By —Fy By —Fs, By

—\F07F2 _‘F27F4 _\F4’F6 _\F6’F7
~Fy, F) —Fy, Fy
_'F07 F7
Thus, we obtain Z:lkllﬂjl ', =Fy, Fj, hence P}_nmjfll Ir. U

If FV (t) C {xo,... ,2,} and xq, ... ,X, € w (abbreviated by X € w),
then we define t(X) = 4. o,(X0, ... ,%;). Analogously we define F'(X)
for formulas F' and we set I'(X) for sets of formulas T in the obvious
way. We write shortly F,G(X) instead of {F,G}(xX) if this does not
confuse.

In the following we will often identify a ground term ¢ with its

evaluation t. It will be clear from the context what is meant.

10.2.2 Theorem (Embedding) LetI' C PBF(X) be a finite set with
nFV (') C {xg,...,z,}. Let T be PXP-L™Ind or PX2(X)-L™Ind. As-
sume T T, then

3d,r<w  3Lgp,-term t with FV (t) C {xo,... ,xp}

d

VR € w MCS}My L)

7 [t[(X

Proof: We consider only the case 7 = PY2(X)-L™Ind because
PYP_L™nd C PYP(X)-L™Ind. As remarked at the end of Chapter 7

we obtain a normal derivation 7 | T' in which all cut-formulas are
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PYY (X)-formulas and all formulas in the derivation are in PBF(X).
We prove the assertion by induction along this derivation.

In the following we omit the superscript *,. Observe that for every
formula F' € PBF(X') containing no normal variable not in {zo, ... ,z,}

we can find some d < w with
- pd —
VRew g FF(R) (10.1)
We distinguish the following cases concerning the last inference:

(AxL),(AxE),(Ax’B) If I' is a logical axiom, an equality axiom or an
instance of an axiom from PBASIC then (Ax2), resp. (AxM) (and at
most four (\/)-inferences) yield p}% ['(X) for any X € w.

(T-IND)  There is some PYX.2(X)-formula F' and some normal term #'
with Ind(F,x,|t'|,) € I. Let t := |t'|,,. If + ¢ FV(F) then F,(0) =
F = F,(t), thus using (10.1) we obtain some d < w with

VRew PSR (0), (1))

and three times (\/) yields the assertion.
Otherwise, let s’ i= o[plh(F)|,(t) + ¢ and s := ||, then

FV (s') = FV(s) C {zo,... , 2}

Using (10.1) and the Equality Lemma we obtain some d such that for
any X € w and i < t(X)N

PR mF ), R0 & e ~F(SDE), Falit D)

hence

QL

P2 30t (F A ~Fo(S))(R), ~Fo(i) (), Fuli + 1)(%)

by (/) and (\/) Observe t'(X) < §'(X), hence t(X) < s(X), and
for i < t(X) we have Ih(F,(i)(X)) < |plh(F.(i)(X))| < |¢|(X) and
prk(F,(1)(X)) < n. Therefore, we can apply (MCZ<§>) to produce (of

course using Equality)

MEL R (Ve (F — Fo(S2))(R), ~Fa(0)(R), Fa(t) ().

()

Four times (\/) yields

VX €ew Mcn}%[ndF$t X).
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(V)  The assertion follows directly from the induction hypothesis.

(A)  The assertion follows from the induction hypothesis after replac-
ing the upper bounds by some common bounds (using Structural Rule).
We may always take the sum of the inductively given normal terms.

In the other cases we, therefore, will assume common upper bounds.

(Cut)  There is some PX2 (X)-formula F such that nFV (F) c {&},
T FT,F and T | T',~F. Thus, the induction hypothesis yields some

d,r < w, and some Lpp,-term ¢ with
d, d X
p%r FE) and MC p%r LF(R
for all X € w. Without loss of generality we may assume r > prk(F')
and t(X) > plh(F(X)). Applying (Cut) produces the assertion.

(3) There are some term s, some variable ¢ and some formula F' with
[p normal = s normal], (3p F) € ' and T |- T, F,(s). By assump-
tion (Jp F) € PBF(X), thus there has to be some B € PBF(&X) and
some term u such that [ normal = wnormal|, 3p FF = Jp<u B and

F,(s) = s <u A By(s). The induction hypothesis and (/\)-Inversion

produce some d,r < w, r > 0, some ¢ with FV (t) C {x¢,... ,z,} and

p%r s < ulR (10.2)
and

Tr B( (10.3)

for all X € w.
Fix X € w. If ¢ is safe, we apply (3<) to (10.3) and obtain

d
p}%l“,s £ u, Jp<u B(X).

Now dp<u B = dp F' € T', hence

d+2,t],, (R
Me, e D )

[t (%)

by a cut with (10.2).
If ¢ is normal, then s and u have to be normal, thus s(X) and u(X)

are ground. If s(X) € u(X) then (Axl) yields MCP%F,S £ u(X),
hence by a (Cut) with (10.2) p}% ['(x
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Otherwise s(X) < wu(X ) The Equality Lemma applied to (10.3)

shows MC, }JF B, (s(X)M)(), hence by (V)
MC: d+17kf\m<>?> T,

[t (%)

because

V B.)(®)™ = Be<uB(R)" = (B F(X)™ €T

(V)  There are some formula F' and some variables ¢, satisfying
[p safe = 1 safe], (Vo F) €T, v ¢ FV(I',Vo F) and T | T, F,,(¢).
Using the assumption Vo F' € PBF(X) there are some G € PBF(X)
and some term u with [ normal = w normal], Vo F = Vp<u G and
Fav) = ¥ <u— Gu(th).

First assume that ¢ is safe, then the induction hypothesis and
(\/)-Exportation lead to some d,r < w and some term ¢ with
FV (t) C {zo,... ,x,} and

p%w £, Gol(0) (%)

for all X € w. Hence by (V p}i ['(X) for all X € w, because
Vo<u G(X) = Vo F(X) EF( X).
Now we are in the case that ¢ is normal, then the induction hypo-

thesis and (\/)-Exportation yield some d,r < w, r > 0 and some term
t with FV (t) C {xo,... ,2,,¢} and

MOy R T £ 0, Ga(0) (R, ) (104)

for all X,y € w. Fix X € w.
wis normal and nFV (u) C nFV (Vo<u G) C {xg,... ,z,}. Lett' =
o[tly(u). Then FV (t') C {xo,...,z,} and t(X,y) < /(X) for y < u(x).
Let y < u(X). With the Equality Lemma (and the Substitution
Lemma if ¢ is safe) (10.4) leads to Mc, }LF Go(y),y £ u(X). By
(Ax1) we obtain

M A L G(v),y < u(®)
hence by a (Cut) MC p}LF G, (y)(X). Applying (/\) produces

p d+2,|t' |
}It’i ['(X), because
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N GeER™ = (VosuGR)™ = (Vo F(R))" € [(E)™.

y<u(R)N

10.3 Extended cut-elimination 1

In our examinations of fragments of BPA we need a cut-elimination
procedure for the semi-formal systems. Of course we need a proce-
dure which carefully reduces cuts, because otherwise the length of the
reduced derivations would grow too fast (i.e., it would grow exponen-
tially).

Therefore, we extend the usual elimination procedure. Let card(I")

be the number of formulas in T'.

10.3.1 Extended Elimination Lemma Let I'y be a finite set of
PY.P  (X)-formulas and let A be a PIP(X)-formula and assume

|plh(G*™)| <l for all G € T'y. Let A,T" be finite sets of LP-formulas.

Let s1,... ,sp,t be terms, let

Jdai<sy ... Jap<s, Jr<t A(aq, ... ,ap,x) € Ty
and assume that for each G € I'; there are terms uy, ... ,u; with
G = 3a;41<5j41 ... Fap<s, Jr<t A(uq, ... ,uj,Qji1,. .. ,ap, T)

[for j = p this means G = Jx<t A(uq,... ,up,x)]. Let ¢ := card(I'y).
Then

P mo *p pm % P mo+mi+c—1
}mr,rl &VGEFl }mA,ﬁGP: }TF,A

and

7k * 7k

MCS% I, Flp & VG el MCS% A, =GP
7 P mo+m17+cfl,k
= MC, }le r,A

Proof: We use induction on my. (We only consider the first assertion,
the second one follows in a similar way.) For the rest of the proof we
drop the superscript *,. The only interesting case is that the main

formula F' of the last inference is in I';. Then there are j < p and some

Upy .o, Uy with

F = Jaj41<sj41 ... Fap<s, Jo<t A(uq, . .., uj, Qg1 - . ., Gp, T).
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First assume j = p. Then F = Jz<t A(uq,... ,up,x) and the last
inference was (\/), thus there is some n < #V and m/ < mgy with
p}% I' T4, A(uq, ... ,up,n). The induction hypothesis yields

pm/+mi+c—1
}7r+u oA A(ug, ... up,n).

As F € T’y the second assumption yields

p%A,‘v’xSt —A(ug, ... up, ),

hence p}% A, —A(uy, ... ,up,n) by (A\)-Inversion. As A € PII(X) we
can apply (Cut) to derive the assertion, because m; < m/+mj;+c—1 <
mo+mq +c— 1.

Now we assume j < p. Let
G(b) i= Jaj4258j42 ... Jap<s, <t A(uy, ... ,u;,b,0549, ... ,0,, 1),

then F' = 3Ja;+1<s;4+1 G(aj11). The last inference has to be (3<), thus

there is some term v and m’ < mq with

DL G)

and (v £ sj41) € I'. Let I'y :== I'y U{G(v)}. Using the second as-
sumption and F' € T';y we know p% A, Vaji1<sj41 ~G(aji1), hence
p}% A, ~G(v),v £ sj41 by (V<)-Inversion. Let A" := AU{v £ sj11}
We obtain VH € I'y p}% A, —H, thus

p ‘m’+m1 +card(T'2)—1
‘r—&—l,l

AT

by the induction hypothesis. Now A’,T' = A, T because (v £ s;41) € T,
hence m'+my +card(l'y) —1 <m'+my+(c+1)—1 <mo+my+c—1

yields the assertion. ad

10.3.2 Extended Elimination Theorem

pm p2r(m)
mr — FU r

1% m,k‘ p 2T(m)7k
MC, }m ' = MC, }m r

Proof: The proof is by induction on m. ad
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10.4 Extended cut-elimination 11

In PAP(X)*-formulas the impredicative variables serve merely as pa-
rameters, thus the PAp(X)*-formulas can be viewed as £_-formulas
in an extended language with additional parameters; the additional
graphs Gi(d@,b) for f € F' can be taken as f(@) = b, and as f is primi-
tive recursive all predicative ground instances of this can be viewed as
L -formulas.

From this point of view we can adapt the main parts of the L -
cut-reduction procedure from Chapter 5 to PAP(X)*-cut-reduction.
The definition of the choice sequences S(F') and the inversions '/ for
f € S(F) and F € PAP(X)* directly carries over from that for £ in
Chapter 5. We can transfer the proof of the £ -Inversion word by word

and obtain:

10.4.1 Theorem (PA(X)*-Inversion) Let F € PAD(X)*™,
f€S(F) and "= A F, then "~ A, FY. O

The £ -Cut Elimination Lemma from Chapter 5 can be rewritten

in the form

10.4.2 PAP(X)*»-Cut-Elimination Lemma Let F € PAD(X)*,
r,l >0, p}%A,Fand p}%A,—'F, then p}:nth(F)A. O

Now we can prove
10.4.3 PAp(X)*»-Cut-Elimination Theorem
pym pym-l
1>0 & }I—JA — }HA

Proof: We use induction on m. The only interesting case, which does
not follow immediately (from the induction hypothesis if m > 0), is
that p}% A is given by a (Cut). In this case there are m’ < m and some
P formula F with prk(F) = 0, hence F € PAY(X)*, Ih(F) < | and
’ }%l A, F and ’ }%/ A, —=F. The induction hypothesis leads to P }T—;l AF

pm'l

~A,—-F, thus we obtain by the PAP(X)*-Cut-Elimination
1,1 0

Lemma p}ﬁ'l;lh(F)A. We compute m/ - [ +1h(F) <m'-l+1<m-L
O

and

The results of this chapter provide:
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10.4.4 Theorem Let F' € PBF(X), nFV (F) C {x1,...,2,}, and
n > m > 0. Assume PXP(X)-L™Ind |- F, then there is some Lpp -
term t with FV (t) C {zo,... ,z,} and some ¢ € w such that

VEew  dpte(F, 7)) < 2u(c- [HR)],,,).

Proof: The Embedding Theorem 10.2.2 gives us some Lpp4-term ¢
and some d,r < w with

4t &
VX € w MC. }7r ||;I<§>< ) F{x)™.

Fix ¥ € w. The Extended Elimination Theorem shows

20 (d) 1t () s s
P L) o,

1]t (%)
thus Theorem 10.2.1 and the observation |t + 1| > 0 yield

2,(d)- X

t+1],, .
p 20(d) |+1<>F<X>*p‘

n+1,[t[(R)
Now the Extended Elimination Theorem yields

p (2020 (@) |11, 41 ()]
"L)tl(z)

F&)™,

hence
P ‘271 (27 (d)-[t+1] 41 R

M1
by the PAD(X)*-Cut-Elimination Theorem. Let s i= t(X)+ "some
constant” so that |s| ., > 2 for all X € w. Let ¢ := 2,(d). In our

FE)™

following estimations we use 2* -y < 2*¥ and x+y < x-y for x,y > 2,

and x < 2% Let n' == n—m >0. If m > 0 we compute
dpte(F, 2)(X) < 2wpm(c[s],,1) I
< 20 (2m(c- |S|m+1) -1s])

< 2((c+1)- |8‘m+1>'
In the case m = 0 we have

dpte(F, ©)(X)

IA N
N DO
ST
/N
o0
»  w
I
w  —
=
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—
o
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Chapter 11

Predicative Boundedness
Theorems (PBT)

11.1 Preliminaries

One of the main tools in the proof-theoretical investigation of I3V is
the boundedness theorem 5.2.5. Here we need predicative versions of
it:

11.1.1 Predicative Boundedness Theorem
p}%BigFun(a, bya,X) = Pg(a) <m
and

11.1.2 Predicative Boundedness Theorem
"™ BigFun(a,b, o, X(d)) = ®g(a) <m
171 Y ) ) —_ *

Remember that X (d) i= {¢ : Bit(p,d)}. Of course the first theorem

follows from the second one because we can show

A — " Ax({as A))

for any atomic formula A(a). The first Predicative Boundedness Theo-
rem 11.1.1 can also be obtained by adapting the Boundedness Theorem
5.2.5 to BSF:

Let % : (ground LP-formulas) — L, be homeomorphic

up to (Va<s F(a))* i= Ny F(k)* and (3a<s F(a))* =

Vi< F'(k)* and defined to be the identity on the atomic £?-

formulas.

101
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Then we obtain for any finite set A of ground LP-formulas
Ppm m ¥
oA = A%

Thus, we can apply, in essential, the Boundedness Theorem 5.2.5.
The proof of the second Predicative Boundedness Theorem 11.1.2

is a nontrivial modification of the Boundedness Theorem 5.2.5. The

proof of the latter essentially uses the monotonicity of formulas F' in

which X occurs only positively, i.e., not in the form s ¢ X:

If we replace X with the set X (d) coded by d then we want to obtain

something like
m Cn,ie., Vi(Bit(i,m) — Bit(i,n)), & NF Fym] = NFE Fyn]

for formulas F' in which Bit°(-, d) does not occur. But then we have the
problem that d can also occur in terms and atomic formulas other than
Bit. Therefore, we first have to find a notion of sets of indiscernibles

I C w to a given set II of formulas and [ € w, which provides
VM C{0,...,l} 3mel (m codes M below [),

at which a number m codes a set M below [ iff Vi<l (i€ M < Bit(i, m)),

and
dm el (NE Aym]) <= VYm € I (NE Ay[m])

for any atomic formula A € II other than Bit(-, d) or Bit®(-, d).

11.2 Indiscernibles

We first characterize the sets of formulas for which we want to find

indiscernibles.

11.2.1 Definition Let GB(I) be the set of all predicative ground terms
t and LP-formulas F' such that every ground term s which occurs in t
resp. F satisfies s < 1. A predicative ground formula F € PBF(X) is
in GB(I) iff F*» € GB(l).



11.2. INDISCERNIBLES 103

11.2.2 Lemma Let F € ¢B(l).
1. 1<m = F € GB(m).
2. k<l = F,(k) € as(l).

Proof: The proof of 1. is obvious. 2. follows easily by induction on the
generation of F' from the following observation for terms s:
s € aB(l)
— s is a ground term with sV <[ or s is a safe variable

= s,(k) € aB(I). 0

Now we define indiscernibles for formulas in GB(l). Remember that
Bit(k, n) holds iff the k-th bit in the binary expansion of n is 1. We de-
fine the set of [-indiscernibles 1SC; and related things where we identify

(I 4+ 1) with its usual set theoretical representation {0, ... ,l}.

h(l) = max ({cpg(oo LaceEN(+1)}U {1})

Isc; = {ncw: Vk>l[Bit(k,n) < k = 2"V or k = 2D 4 3]},
My(n) = {k<1I: Bit(k,n)},

Z(X) = 22048 4020 4 D iexn(+1) 2

do El d| — do,d1 € Isc; and Ml<d0) C Ml(d1>

[-Indiscernibles and the relation C!



104 CHAPTER 11. PREDICATIVE BOUNDEDNESS THEOREMS

Observe that

M(Z(X)) = Xn(l+1),
Zi(My(n)) = n fornelsc,
ZIP(+1)] = Iscy,

M;[Iscy) = P+1).

The crucial point is to observe that 1S¢; is a set of indiscernibles for
the set of atomic formulas in GB(1) without Bit and Bit®. In essential,

this is true because of three reasons:

1. all functions in F? are polytime functions and thus have polyno-

mial growth rate,

2. the l-indiscernibles are ”very much” bigger than the values of the
ground terms ¢ that could occur in a formula in GB(1), i.e., tN <
and Vz € Isc; (22 < z),

3. no [-indiscernibles is a sequence-number, because the highest bits
of an indiscernible are always of the form 10010 ... which cannot
be the highest bits of a sequence-number: sequence-numbers are
build up from 00, 10,11, thus 1001 and 010010 are impossible

beginnings.

11.2.3 Main Lemma Let F' € GB(l) be an atomic formula other than
Bit(-,d) or Bit(-,d) with FV (F) C {d}, then

Vdelsc;, NEF or Vdelsc, NEF.

Proof: We postpone this to the Appendix C. O

11.3 Negative points and monotonicity

11.3.1 Definition Let QB(a) be the set of all LP -formulas F' such that
every quantifier which occurs in F is bounded by a variable from the

list @ or by some ground L zp4-term.

We define the negative points of a formula as in Chapter 5.
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11.3.2 Definition The negative points Ny(F') C w of a formula F €
QB(0) with FV (F) C {d} relative to the safe variable d are defined by
the following clauses:
1. If F is atomic let
{sN} . if F = Bit(s,d) and s £ d
Nd(F) =
0 : otherwise
2. Ng (Vzgn Fl) = Ny (/\@n E) = Uicn Na(F)
3. Ny (Vass F(a)) = Ng(3ass F(a)) = U Na(F(1))
For sets of L?-formulas A we define Ng(A) = |Jpca Na(F).
Case 1. of this definition is well-defined because if s # d then s has to
be a ground term. Case 3. is well-defined because Qa<s F'(a) € QB(0),

thus s has to be a ground term.

11.3.3 Lemma (Monotonicity) Let F' € GB(l) and F € QB(0) with
FV (F) C {d}. Assume dy C' d; with Ng(F) C M;(dy), then

N F: Fd[do] — N ': Fd[dl]

Proof: The proof is by induction on the generation of F. First we
observe that
ugle]™ <e
for u € GB(l) with FV (u) C {d} and e € Isc;. For if u # d then u is
ground, thus u <[ as u € GB(l), and [ < e by definition of Isc;.
If F' is atomic we distinguish the following cases:
1. F # Bit(u,v) and F' # Bit(u,v). F € GB(() and dy, d; € Iscy,

thus dy, dy are indiscernibles for F'; i.e., Lemma 11.2.3 implies
N E Fyldy] <= NFE F;|d,].
2. F = Bit(u,v). If d does not occur in F' the assertion is obvious.
Otherwise, assume N F Bit(u, v)4[do]. Then
ualdo]" < [valdo]|" < |do|",

hence u # d. But then u has to be a ground term and v =

Now N E Fy[do] together with the assumptions yields
UN € Ml(do) C Ml(dl),
hence N F Bit(u, v)4[d;].
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3. F = Bit°(u,v). If d does not occur in F the assertion is obvious.
If u = d then N E Bit®(u, v)4[d] for |va[di]|" < |di|" < dy. Oth-
erwise, u has to be a ground term and v = d. By assumptions
we have Ny(F) = {u"} € Mi(dy), hence N F Bit(u,dy) which
shows N ¥ Fy[do].

If F = A,., Fi and N FE Fy[dy], then we have N E (F})4[dy], thus
N E (F})ald] for any ¢ < n by the induction hypothesis. Hence N
Fy[d4].

IfF = V.., F,and NFE Fy[d], then we have N F (F})4[do]. There-
fore we obtain N (F})aldy] for some ¢ < n by the induction hypothesis.
Hence N F Fy[d;].

If F = Va<sG, then s has to be a ground term, for F' € QB(0).
Thus F € c&B(l) implies s < [. Lemma 11.2.2 yields that G,(k) €
aB(l), obviously also G,(k) € QB(D), for any k¥ < s". Assume N F
Fy[do], then we have N E (G, (k))a[do], hence N F (G,(k))a[d1] by the
induction hypothesis, for any k < sN. Hence N F F,[d;].

If F = Ja<s @, then s has to be a ground term, because F' € QB(0).
Now F € GB(I) implies s < [. Using Lemma 11.2.2 we obtain that
G.(k) € GB(l), obviously also G,(k) € QB((), for any k < s. Assume
N E Fy[dy], then we have N F (G, (k))4[do], hence N F (G, (k))q[d1] by
the induction hypothesis, for some k < s". Hence N F Fy[d,]. 0

11.4 Proving PBT

We adapt the definition of the reachability operator for orderings from
Chapter 5 to <, the fixed ordering of the exponential codes £. For
N C w let

R™(N) :={ecw :e¢&or Pgle) <eny(m)}UN
and

R'(N) := Z(R™(N)) =227+ 4220 3™ o
i€ER™(N)N(1+1)

Remember that eny is the dual enumeration function enpy\y from

Chapter 5 which in this context (where we consider only finite ordinals)
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can be written as en,, x. Analogously to Chapter 5 we observe

N C N' = eny(m) < enyi(m) (11.1)
eNnygey(m) < eny(m + 1) (11.2)

R™(N U {e}) c R™(N) U {e} (11.3)
m<m & Nc N = R"(N)C'R™(N (11.4)

If A(N) denotes the accessibility operator, i.e.,
A(N) = NU{kcw : VI < k(l € N)},

and A™(N) its iterations, i.e., A™(N) := A(NUU,_, A"(N)), then

R™(N) = A™(N) (11.5)

for all m € w.
Let f}% A be the restriction of p}% to derivations where all oc-

curring terms are in GB(l). We obtain
pm m
1hA:> Jl < w %IA (11.6)
because the derivation trees are finite. Let X (d) i= {¢ : Bit(p,d)}.

11.4.1 Predicative Boundedness Lemma Suppose

Nk Big(a,l,«) with a,l € w and « a ground term, and
H% = Prog(a,a, X(d)), A
with FV (A) C {¢,d} and A € QB(()). Then
VE<l NE Azg[¢ Ri"(Na(A(T)))]. (11.7)

Proof: We use induction on m. In the sequel we use validity in the
standard model N sloppily, e.g. we write s4[n| < « instead of N F (s <
a)q[n] ete.

We distinguish several cases concerning the last inference. If this is
an axiom then A has to be the same axiom and (11.7) follows by the
validity of the axioms. The cases of a (/\) or (\/)-inference follow di-
rectly from the induction hypothesis, the Monotonicity Lemma 11.3.3,
observation (11.4) and the correctness of the inferences (A) resp. (/).
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In the case that the last inference is (V<) there are m’ < m, some
safe variables e, f and some term s € GB(/) such that (Ve<s F) € A,
f¢FV(A)U{d} and

/

f}% —Prog(a,a, X(d)), A, Fo(f), f £ s.

By assumption (Ve<s F') € QB((), thus F.(f) € QB(0) and s is a ground
term with s < [. Applying the induction hypothesis and the Mono-
tonicity Lemma 11.3.3 we obtain, as Ngy(Fz.(C, k)) C Ng(Az(C)) for
k< s

vexl VI{JSSN N E Aé’,d[a R;”(Nd(Ag@)))], Fg767d[87 ]{3, le(Nd(Ag@)))],

hence
Ve<l NE Azqle, R™M(Na(Ax©))].

If the last inference is (3<) and —Prog(a, a, X (d)) is not its main
formula then a similar argument as for (V<) yields the assertion (11.7).

If =Prog(a, o, X(d)) is the main formula then there are a term s €
GB(l) and m' < m such that

m/

P ~Prog(a, @, X(d)). A,s < a A (s © X(d)* A s ¢ X(d)

1,1

and (s £ a) € A. Applying (A )-Inversion yields

ﬂ%ﬁpmg(@,a,X(d»A, s< (11.8)
f%ﬂProg@,a,X(d»,A, (s C X(d))2 (11.9)
[ ~Prog(a, o, X(d)), A, Bit*(s, d). (11.10)

We may assume that FV (s) C {¢ d}. Fix some ¢ <[ and let §' i=
s¢(€) and A" := Agz(C). Observe that the formulas in (11.8) to (11.10)
are in QB(()). We compute Ny(s < o) = Ny((s © X(d))2) = 0.

If s&[R}”l(Nd(A’ ))] A « then the induction hypothesis applied to
(11.8) yields N £ A/[R™ (Ng4(A'))]. The Monotonicity Lemma 11.3.3
and (11.4) imply the assertion (11.7).

Otherwise, s4[R" (Ng4(A"))] < «a, thus s # d, and s’ has to be
a ground term. Then s’ < [, because s € GB(I) is a ground term,
or s is some ¢; and ¢ < [ otherwise. If there is some k < s’ with
k ¢ R™ (N4(A")), then the induction hypothesis applied to (11.9) yields
N E AR (Ng(A")] for k < s' < a, and Big(a, [, ) implies k < a.
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Again the Monotonicity Lemma 11.3.3 and (11.4) yield the assertion
(11.7).
If k € R™ (Ng(A")) for all k < &, then (11.5) yields

s e R™H (N (A)). (11.11)
We compute Ny(Bit(s',d)) = {s'"}, hence
N AR} (Na(A) U {s" )]

by the induction hypothesis applied to (11.10). With (11.3) and (11.11)

we compute

R™ (NJ(A) U {s™) © R™F(NL(A)) U [}
C R™(Ng(A")),

hence
Ry (Ng(A") U {s"}) T R (N4(A")),

and the claim follows with the Monotonicity Lemma 11.3.3.

In the case that the last inference is a (Cut) there are some m’ < m
and some atomic formula F' such that ﬂT—’;—'Prog(@,a,X(d)),A,F
and }’}%—'Prog(@,a,X(d)), A, =F. We may assume FV (F) C {¢ d}.
Fix some ¢ < [ and let F’ i= F#C) and A’ := A#C). As F is atomic
it trivially is in QB()), hence

N E (&, F)a[R{" (Na(&, )] (11.12)
N F (&, =F)a[R" (No(A', = F"))] (11.13)

by the induction hypothesis. If ' # Bit(s,d) and F' # Bit°(s,d) for
all terms s, then Ng(F”") = Ny(—F") = 0 and the assertion (11.7) follows
by the Monotonicity Lemma 11.3.3 and the law of the excluded middle.

Otherwise, we may assume without loss of generality F' = Bit(s, d)
for some term s. Then Ng(F') = @ and Ng(—F') = {s"} resp.
Ng(—F') = Qif s = d. If N E ~F}[R™ (Ng(A))] then (11.12) and
the Monotonicity Lemma 11.3.3 yields the assertion (11.7). Other-
wise, N E Bit(s/, d)q[R" (N4(A"))], hence s # d and ™ < [, because
F € GB(1), hence s € RI™ (Ny4(A')). This and (11.3) lead to

R™(Ny(A)U{s"}) © R™H(Ng(A))U{s")
C R™(Na(4)),
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hence
R (Ng(A) U {s"™}) T R (Ng(A). (11.14)

Now (11.13) yields N E AR (Ng(A”) U {s™})], thus (11.14) and the
Monotonicity Lemma 11.3.3 produce the assertion (11.7). O

Proof of the Predicative Boundedness Theorem 11.1.2:
Assume }% BigFun(a,b,a, X(d)). Lemma 9.1.1 shows that there are
some b > a such that N F Big(a,b, «). Thus, there are m’ < m and by
(11.6) | < w, [ > b, such that

f}% —Prog(a, o, X(d)), 7Big(a, b, @), (a T X(d))™.

An inspection of the formulas —Big(a,b, ) and (o C X(d))2 shows
that they are in QB()) and that Ny(—Big(a,b,a), (a« = X(d))2) = 0.

Thus the Predicative Boundedness Lemma 11.4.1 produces
N E =Big(a, b, a), [(a C X(d))*a(R{" (0)).

Now Big(a,b,a) yields V3 < a(8 < a), hence

’

VB<a(BeR™ D) = VB=<a P(8)<emy(m’)=m'
=  Pg(a) <m.



Chapter 12

Dynamic Ordinal Analysis
(DOA)

With the ordinal analysis of an arithmetical theory T" we associate the
computation of the proof-theoretical ordinal O(T) of T, i.e., the supre-
mum of the order-types of the provable well-orderings of T'.! Usually
this yields a good measurement of T' in the sense that the different the-
ories under consideration receive different proof-theoretical ordinals.
For weak theories, i.e., sub-theories of IXY, R. SOMMER showed in his
PhD-thesis [20] that

IAY + Fund(w?, AY) = 129
and
IAY b Fund(w -k, A)  for all k € w.
Furthermore, he remarked in [21]
SYX) + Fund(w?, AY) = I29
and
TYHX) | Fund(w -k, AJ) for all k € w.

Therefore we obtain
O(T) = u?

for theories T which are stronger than T3(X) but weaker than I%Y.
Thus, the usual ordinal analysis does not yield a good measurement of

subsystems of IX. In the following we introduce the Dynamic Ordinal

1Cf. Chapter 1.
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analysis for the theories PR}, PSy, PT%, PYXP-L™Ind, PR} (X), PSH(X),
PTZ(X), PX2(X)-L™Ind. With the Dynamic Ordinal analysis we will

overcome the deficiency described above.

12.1 Dynamic Ordinals and separation
For f, g € “w we define f < g iff f is majorized by g, i.e.,
Vn (f(n) < g(n)).
For F' C “w let H(F) be the <-hull of F:
H(F) = {f €“w : IgeF (f < g)}.

12.1.1 Definition Let T be a theory formulated in Lgp,(X). We
define the Dynamic Ordinal of T" by

DOT) == H ({)\n@g(t(n)) | #(x) is an Lpp,-term with
FV (t) C {z} such that NE Vz (t(z) € £)
and T | Va BigFun(a,b,t, X)})

12.1.2 Definition Let T' be a theory formulated in Lyp,. We define
the Dynamic Ordinal of T' by

DOT) = H ({)\n.CI)g(t(n)) | #(x) is an Lpp,-term with
FV (t) C {x} such that NE Vz (t(z) € £)
and T | Va BigFun(a,b,t, X(d))})

With the Dynamic Ordinal analysis of a theory T we associate the
computation of the Dynamic Ordinal of T'. If the Dynamic Ordinal
analysis of theories 77,7, yields an inequality between the Dynamic
Ordinals of T} resp. T5 then we obtain a separation of T} and T5: As-
sume that there is an f € DO(T,) \ DO(T}). Then by definition there

is an Lgp4-term t(z) such that
T, - BigFun(a,b,t(z), X)

and f < ()\n. Cbg(t(n))) =: g. Now f & DO(Ty) yields g & DO(T1),
hence
T, } BigFun(a,b,t(x), X).
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12.2 Computing Dynamic Ordinals

As shown in [3] the truth complexity of the sentences Fund(<,X) is
essentially the same as O(=<). Here the predicative truth complexity
of BigFun(a,b,a, X) is closely related to ®g(«): The Boundedness
Theorem 11.1.2 yields

Og(a) < pte(BigFun(a,b, a, X(d))) (12.1)

In Chapter 10 we gave upper bounds for ptc(BigFun(a,b, o, X(d))).
The well-ordering proofs from Chapter 9 yield lower bounds for the Dy-
namic Ordinals of PRy, Sy, PT%, PYP-1,™Ind, PRY(X), PSH(X), PTH(X),
PY2(X)-L™Ind. Altogether this yields a sharp characterization of the

Dynamic Ordinals.
12.2.1 Theorem Let n+1>m > 1, then
DO(PYY, -L™Ind)= DO(PLY, | (X)-L™Ind)
= H({\i.2,(p(li|,,)) : p a polynomial}).
Proof: By Lemma 7.2.5 and Theorem 7.2.6 we know

PY.P.(X)-L™Ind | BigFun(a,b,t, X)

= PYP_ -L™Ind | BigFun(a,b,t, X(d)).
Therefore we obtain
DO(PYY,(X)-L™Ind) C DO(PEY, -L™Ind).

Let F := {Xi.2,(p(|¢],,)) : p a polynomial}. By Theorem 9.3.3 we

know

pyb
Zn—i—l

(X)-L™Ind | BigFun(a,b,2,(Te(p(|z],,))), X).
As @ (2, (Te(p(li],,)))) = 2.(p(Ji],,)) for all i € w this yields
(Xi.2,(p(]il,,))) € DO(PEY,,(X)-L™Ind)

hence H(F) C DO(PEY, (X)-L™Ind).
On the other hand let ¢ be an L5, 4-term containing no other vari-

able than z such that PX0 . -L™Ind |- BigFun(a,b,t, X(d)). We are
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going to convince ourself that An. ®g(t(n)) € H(F). Using (12.1) it
suffices to show that

f == dpte (BigFun(a,b,t,X(d)),z) € H(F)

with dptc(F, xg, ... ,x_1) = Mi.pte(Fz()).
As PYP.-L™Ind C PXP. (X)-L™Ind we obtain by Theorem 10.4.4

some term s(z) containing no other variable than x and some constant

¢ € w such that
Vi f(i) < 2nga(c [5(0)]4q)-
Now there is some polynomial p such that [s(7)|,, < p(|é|,,) for any

1 € w, hence
Vi 2,41(c- |3(¢)|m+1) < 2n<(2\p(lz’\m)\)0> < 2.((2 p(Mm) +1)9),

hence f € H(F). This shows DO(PEL_ ,-L™Ind) C H(F). 0

12.2.2 Corollary
DO(*Sy™) = DO(*S," (X)) = H({An.2i(p(|n])) : p a polynomial}).
12.2.3 Corollary
DO(PR;™)=DO(’R;"™*(X))
— H({An2ia (p(Inll)) : p a polynomial}).
For PTY we can prove a sharper result:
12.2.4 Theorem
DO(PT3)=DO("T; (X))
= H({Xi-2011(p(li])) = p a polynomial}).
Proof: The same argument as in the proof of Theorem 12.2.1 shows
DOCPTY (X)) C DOCPTHH).

Let F := {Xi.2,11(p(]7])) : p a polynomial}. For each polynomial
p(z) containing no variable not indicated there is an Lgp -term /()
containing no variable not indicated such that p(]i]) < |¢/(¢)| for all

1 € w as remarked in Chapter 2. Hence

21 (p(1i])) < 2,(2"01) < 2,(())
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for ¢ :

Sy #. By Theorem 9.3.3 we know

PTITY(X) | BigFun(a,b,2,(Te(t(z))), X).
As @¢(2,(Te(t(1)))) = 2a(t(i)) > 2,41(p(]i])) for all i € w this yields
(Xi-2n41(p(li])) € DOCPTS (X))

hence H(F) C DOPTF(X)).

On the other hand let ¢ be an Lz, 4-term containing no other vari-
able than = such that PT5™ |- BigFun(a,b,t, X (d)). In order to prove
An. ®g(t(n)) € H(F) it suffices to show by (12.1) that

f == dptc (BigFun(a,b,t,X(d)),z) € H(F).

As PTHH € PTYT(X) we obtain by Theorem 10.4.4 some term s(x)

containing no other variable than z and some constant ¢ € w such that

Vi f(i) < 2npa(c-[s()]).

Now there is some polynomial p such that |s(i)| < p(|é|) for any i € w,

hence
Vi 2,41(c-1s(9)]) < 2p41(c- p(l7])),

hence f € H(F). This shows DO(PT,) € H(F). O

We introduce the notion ” for almost all " by "3 Vi>; 7.
12.2.5 Theorem Let n > 0 and m > 1, then

DO(PxP

n+m

-L™Ind) € DO(PSL, . -L"™ ' Ind) € DOCPT, ).

Proof: By Theorems 12.2.1 and 12.2.4 we obtain "C” because for

monotone polynomials p we have p(|i| ) < 2P0l < 2P(imi1) and
2m(p(li],,)) < 2" for almost all 4. (12.2)

In order to prove DO(PLP

b m-L™nd) # DOPLL L™ nd) we
show that

n+m+1"

f= N2upm((lil,10)%) ¢ DO(E, ,,-L™Ind)
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where f € DO(PYL, . -L™*'Ind) is obvious by definition. We prove
this indirectly assuming f € DO(PS),, -L™Ind). By Theorem 12.2.1

there is some polynomial p such that

Vi 2oim((|il,10)%) < 2ormr(p(li],,).

There is some k such that p(i) < * for almost all 4, hence for almost
all 4
2(‘i|m+1)2 < p(Mm) < (Mm)k < (2\i|m+1)k — 2k'|i|m+1

as [i| . < 2llm+1, hence
i?<k-i

for almost all i because Ai.|i|,, ., is surjective. A contradiction.
For DO(PYY . -L™*'Ind) # DO(PTH™) we show that

f= (Xi2n(li])) ¢ DOCE),,, -L™ ' Ind)

where f € DO(PTH ') is obvious by definition. Towards a contradiction
assume that f € DO(PYL_ . -L"'Ind). By Theorem 12.2.1 there is

some polynomial p such that
Vi 20a(li) < 2uem (i)
As \i.|i| is surjective we obtain
Vi 2" < 2,(p(lil,,),

but this contradicts (12.2). 0

The same proof also yields:
12.2.6 Theorem Let n > 0 and m > 1, then

DO(PYP

n+m

(X)-L"Ind)C DO(PEY .1 (X)-L" ' Ind)
C DO(PT3H (X))

12.2.7 Corollary
DO(*S3+) € DO(*RF*) C DO(S3+) = DO(PTHH).
12.2.8 Corollary

DO(*S;" (X)) € DO(PR; (X)) C DO(PS; (X)) = DO(PT;(X)).
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For theories T4, 15 let T} C T3 iff T7 is included in 75, which means
that for all formulas F if T} b F then T, F F. Let T} C Ty iff T) is a
proper extension of 17, i.e., T} C Ty and T} 2 T,. As remarked at the
end of the first section different Dynamic Ordinals yield a separation

of the corresponding theories.

12.2.9 Corollary Let n > 0 and m > 1, then

PTyH(X)

> K

(X)-L™nd  C PxP, o (X)-L™Ind.

py b
by n+m+1

n-+m
12.2.10 Corollary

P8I (X)) o PTEH(X)

L

PRyH(X) - PSy(X).

12.2.11 Corollary Let n > 0 and m > 1, then
pT;LJrl

> K

L"nd  C P}

m—+1
name1-L" T Ind.

pyb

n+m

12.2.12 Corollary

pSngl ; pT721+1
O %

PRY s

12.3 DOA in theories of BA

As L, does not contain impredicative variables we have to modify the

definition of the Dynamic Ordinals for theories of bounded arithmetic.
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12.3.1 Definition Let T' be a theory formulated in Lz ,(X). We de-
fine the Dynamic Ordinal of T by

DO(T) = H ({\n.®g(t(n))|t(z) is an L 4-term with FV (t) C {z}
and there are L ,-terms si(x), se(x) with
FV (s1,82) C {z} such that N E Vx Big(sy, S2,t)
and T |- Vz BigFun(s1, s2,t, X)}).

In Section 2 of this chapter we have seen that the functions
2,(p(|z],,,,)) resp. 277D yield a good measurement of the theories
PYP . (X)-L"*'Ind resp. PT5(X) and PS3(X) in the sense described at
the beginning of this chapter. All these functions can be majorized by
an Lg,-term ¢t with FV (¢) C {z}. By Lemma 9.1.2 there are Lz ,-
terms s1, so with FV (s1, s2) C {x} such that N F Vx Big(sy, s2, Te(t)).
Replacing s; and s, for a resp. b in the well-ordering proof Theorem

9.3.3 and using the conservativity results from Theorem 8.4.3 we obtain

DO(PYY, (X)-L" ' Ind) C DO(sEL,  (X)-L" ' Ind)
DO(PTH(X)) C DO(TL(X)
DOPSL(X)) C DO(S2(X)). (12.3)

For the other inclusions assume T BigFun(sy, sa,t, X) where T is
one of s¥b . (X)-L"'Ind, T3(X), S3(X) and sy, s2,t are Ly -terms
with FV (sq, s9,t) C {2} such that N F Vx Big(si, s9,t). An inspection
of the proof of the Predicative Boundedness Theorem 11.1.1 yields

"= BigFun(a,b,a, X) = ®g(a) <m

for numerals a, b, a satisfying N F Big(a,b, a). Thus, in order to ma-

jorize An. ®¢(t,(n)) it suffices to dominate
dpte(BigFun(sy, so,t, X), ).
But as the predicative version of T is an extension of T the same esti-

mations from the proofs in Section 2 yield the other inclusions of (12.3).

Thus, we have shown
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12.3.2 Theorem

DO(E 1 (X)-L"nd) = DOCPEL,  (X)-L"'Ind)

= WX 2001, 1)) ¢ p 2 polynomial))
DO(SY(X)) = DO(SLX)) = H({Nip(lil) - p a polynomial})
DO(sR3(X)) = DO(PR3(X)) = H({Ni.2?UED) : p a polynomial})
DO(TL(X)) = DOPTH(X)) = H({Ni.2?U) : p a polynomial})
DO(S2(X)) = DO(PS3 (X)) = H({ i.2?"D : p a polynomial}).

12.3.3 Corollary Let m > 1, then
T3(X)

sSr (X)-L™Ind  C s¥P ., (&X)-L" ' nd.

12.3.4 Corollary

S(x) & Ta(X)

—_—

ISR

SRIX) CS3(a).

12.3.5 Remark Observe that the usually considered minimization ax-
ioms
Min(F,y,z) = Jy<a F — Jy<x [F A\ Vz<y (—F,(2))]

can also serve as a separation formula because Min((y € X),y,x) is
similar to Fund(x, X). An inspection of the proofs yields

2(X) F Min((y € X),y,)

but
sS, 1 (X)-L"nd f Min((y € X),y,z),
hence
3(X) i Min((y € X),y,)
and

sR2(X) K Min((y € X),y, x).
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Appendix A

Standard interpretations

Before we give an axiomatization of the predicates from P! and func-
tions from F' we will fix the standard interpretation PN ¢ w*®) for
PePland G/ C w™DH for f € F which we have in mind. Remem-
ber that by definition PN = w2 ® \ PN and g;ﬁN = WD+ G For
graphs S C w**! which potentially define a partial function we define

the totalization by
Toto(S) == SU{(Z,0) € " : =(Fycw)((#,y) € S)}.
o <M =< Bit" = Bit, Seq" =Seq, £" =&, <N =< N(€ x &),
e for f €{S,S0,S:1} weset G/ = {(z,) : f(x) =y}
o G = Toty({(s,z,u) : s €Seq & s*z =u}).
o Gu!' = Toto({(s,t,u) : s,t €Seq & s**t =u}).

o for f € {first, last, truncy, trunc,, lh} we set
G = Toto({(s,u) : s €Seq & f(s) =u}).

o G5 = Toto({(i,s,u) : s €Seq & f(i,s) = u}).
hd gON = {6}7 giN = {1}7

o for fe{2,2.} we set
G =Toto({(a,u) : a« € E & f(a)=u}).

o for f € {42, +} we set
G = Toto({(a, B,u) : a,BE€E & fla,B) =u}).

° ngN ={(z,u) : Te(z)=u}.

121



122 APPENDIX A. STANDARD INTERPRETATIONS



Appendix B

PBASIC

We obtain the axiom needed to define PBASIC by applying the trans-
formation elr: described in Chapter 9 to the axioms listed below. E.g.

the axiom Less.5 is transformed in the following way:
(a<Sia)?s :— G§ (a,b) Va<b.

Azioms for <

Less.1 a<b<c—a<c

Less.2 a<bVa=bVb<a

Less.3 a<a

Less4 a#0—a<Spa

Less.b a<Sia

Successor axioms

Suc.l S0=5,0

Suc.2 a#0— S(Sga)=S1a

Suc.3 S(Sia)=Sy(Sa)

Bit.1 Bit(n,0) =0

Bit.2 Bit(0,S;a) =1 for i € {0,1}

Bit.3 Bit(Sn,S;a) = Bit(n,a) for i € {0,1}

123
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Sequence axioms

Seq.1 ()=0

Seq.2 0 € Seq

Seq.3 s € Seq <> Si(Si(s)) € Seq for i € {0,1}

Seq.4 s € Seq < S;i(S1(So(So(s)))) € Seq for i € {0,1}
Seq.5 s € Seq > Si(S1(S1(So(s)))) ¢ Seq for i € {0,1}
Seq.6 s € Seq— s™*0 = Sp(S1(So(So(s))))

Seq.7 s € Seq— s*(S;a) =Si(Si(s*a)) for i € {0,1}
Seq.8 (a)={)*a

Seq.9 s€Seq—a<s*aAs<s*a

Seq.10 s € Seq — s™ () = s

Seq.11 s,t € Seq — s™(t*a) = (s**t) *a

Seq.12 first((a)) = a

Seq.13 s € Seq A s # 0 — first(s *a) = first(s)

Seq.14 s € Seq — last(s*a) =a

Seq.15 trunc({a)) = ()

Seq.16 s € Seq A s # 0 — trunc(s *a) = trunc(s) *a
Seq.17 s € Seq — trunc,(s*a) = s

Seq.18 ((i,()) =0

Seq.19 s € Seq — ((0,s™a) = S(B(0, s))

Seq.20 s € Seq — (S0, s) = first(s)

Seq.21 s € Seq Ai >0 — ((Si,s) = B(i, trunc(s))

Seq.22 s € Seq — lh(s) = 3(0, s)
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Axioms for exponential notations

Exp.l o, pBvyefha<pB<v—-a<7y
Exp.2 a,fef —a<pBVa=0VE<a
Exp.3 a€f — a<a

Exp.4 0=

Exp.5 2" = (a)

Exp.6 s¢€Seq— s12' =s*b

_ 50

—>

Exp.7
Exp.8 ae€f — a€Seq

Exp.9 0€é&

Exp.10 a €& —2" €&

Exp.11 o,8 € £ A B < last(a) — a2’ € &

Exp.12 o € £ A a#0 — a = trunc,(a)F2254) A
trunc, (o), last(a) € € A
[trunc, (o) = 0 V last(a) < last(trunc,())]

Exp.13 a << a,f€&EA
[(a=0AB+0)V (first(a) < first(3)) v
(first(a) = first(B) A trunc(«) < trunc(3))]

Exp.14 o, €& - a+3=0F+a

Exp.15 a,3,7€ & — (a+B8)+v=a+(B+7)
Exp.16 v € £ — 2
Exp.17 a2 €& - at2 =a+2’

Exp.18 a,ﬁEEAa%ﬁﬁﬁa<Qﬁ

Exp.19 a,3,7,6 CENa<BAY =25 —at+y=<[B+4

Exp.20 a €& —»a < 2"
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Exp.21
Exp.22
Exp.23
Exp.24
Exp.25
Exp.26
Exp.27

Exp.28

APPENDIX B.

a<be Te(a) < Te(d)

PBASIC



Appendix C
Proving indiscernibility

We give a detailed proof of the Main Lemma 11.2.3. For atomic L?-
formulas F' other than Bit(-,d) or Bit°(-,d), satisfying FV (F) C {d}
and F' € ¢B(l), we show

Vd e Isc; NFEF or Vdelsc NEF. (C.1)

Clearly the assertion (C.1) only has to be proved either for a relation
P or its complement P. Let u,v be some ground terms with u,v < [,
v > 0 and let s,t be some GB(l)-terms with FV (s,t) C {d}. If, in the
sequel, we speak of "always” we mean "for all [-indiscernibles”. Let
d € Isc; and observe

u,v§l<221<d and s,t <d.

e d<u is always false and s <d is always true.

e Bit(d,u) is always false, for |u| < u < d, thus the d-th bit in the

binary expansion of u is always 0.

Now we check the cases for G for f € {S, S, S:}:
e G;(u,d) is always false, because f(u) < 2-u+1 < 2:1+1 < 2% < d.
e Gs(d,s) is always false, because f(d) > d > s.

For the next cases we repeat the essential observation, that no /-indis-
cernible is a sequence-number, because the highest bits of an indis-
cernible always have the form 10010 ... which cannot be the highest bits
of a sequence-number: sequence-numbers are build up from 00, 10, 11,
hence 1001 and 010010 are impossible beginnings.
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e d € Seq is always false, see above.
e Gx(d, s,0), Gxx(d, s,0), Gs«(s,d,0) are always true, because d¢Seq.
o Gx(s,t,d), G«(d, s,v) are always false, because d¢Seq and v, d > 0.

e Gx(u,d,v) is always false, because if u € Seq then u*d > d > v
and if u ¢ Seq then v > 0.

o Gux(s,t,d), Gx(s,d,v),Gex(d, u, v) are always false, because d¢Seq
and v,d > 0.

We check the cases for f € {first, last, trunc,, trunc,, Ih}:
e Gr(d,0) is always true, because d ¢ Seq.
e Gs(d,d), Gs(d,v) is always false, because d ¢ Seq and v,d > 0.

o Gr(u,d) is always false, because if u € Seq then f(u) < u < d and
if u ¢ Seq then d > 0.

e Gs(s,d,0) is always true, because d ¢ Seq.
e Gs(s,d,d), Gs(s,d,v) is always false, because d¢ Seq and v, d > 0.

e Gs(s,u,d) is always false, because if u € Seq then (s, u) <u <d
and if u ¢ Seq then d > 0.

e Gs(d,u,v) is always false, because v > 0 and if u € Seq then
d > Th(u).

e d €& is always false, because d ¢ Seq and £ C Seq.
e s=d,d =2 u are always false, because d ¢ Seq.
For f € {42, +} we observe
e Gr(d,s,0), G(s,d,0) are always true, because d ¢ Seq.

o Gi(s,t,d), Gr(s,d,v), G(d,u,v) are always false, because d ¢ Seq
and v,d > 0.

For f € {2,2-} we observe
e G¢(d,0) is always true, because d ¢ Seq.

e Gs(s,d),Gr(d,v) are always false, because d ¢ Seq and v,d > 0.
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o Gr,.(s,d) is always false, because d ¢ Seq.

e Gr.(d,u) is always false, because: if u ¢ &£ this is clear, and if
u e &, thend > h(l) > max{Ps(a) : a € EN(+1)} > Pe(u),
hence T¢(d) # u.
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